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Abstract. The main goal of this paper is to compute two related numerical invariants of 
a primitive ideal in the universal enveloping algebra of a semisimple Lie algebra. The first 
one, very classical, is the Goldie rank of an ideal. The second one is the dimension of an 
irreducible module corresponding to this ideal over an appropriate finite W-algebra. We 
concentrate on the integral central character case. We prove, modulo a conjecture, that in 
this case the two are equal. Also, modulo the same conjecture, we compute certain scale 
factors introduced by Joseph, this allows to compute the Goldie ranks of the algebras of 
locally finite endomorphisms of a simple in the BGG category. Our conjecture asserts that 
there is a one-dimensional module over the W-algebra with certain additional properties. 
The conjecture is proved for the classical types. This completes a program of computing 
Goldie ranks proposed by Joseph in the 80's. 
f-H | We also provide an essentially Kazhdan-Lusztig type formula for computing the characters 

(*V] of the irreducibles in the Brundan-Goodwin-Kleshchev category O for a W-algebra again 

under the assumption that the central character is integral. The formula is based on a certain 
functor from an appropriate parabolic category O to the W-algebra category O. This functor 
can be regarded as a generalization of functors previously constructed by Soergel and by 
Brundan-Kleshchev. We prove a number of properties of this functor including the quotient 
property and the double centralizer property. 
■ We develop several topics related to our generalized Soergel functor. For example, we 

!> ' discuss its analog for the category of Harish-Chandra bimodules. We also discuss general- 

izations to the case of categories O over Dixmier algebras. The most interesting example 
of this situation comes from the theory of quantum groups: we prove that an algebra that 
is basically Luszitg's form of a quantum group at a root of unity is a Dixmier algebra. For 
this we check that the quantum Frobenius epimorphism splits. 
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I. Introduction 

1.1. Primitive ideals and Goldie ranks. The study of primitive ideals in universal en- 
veloping algebras is a classical topic in Lie representation theory (recall that by a primitive 
ideal in an associative algebra one means the annihilator of a simple module). It seems that 
the most interesting case here is when the Lie algebra q under consideration is semisimple 
(our base field is always an algebraically closed field IK of characteristic 0). There was a 
lot of work on primitive ideals for semisimple Lie algebras and related topics in 70's and in 
80's (by Barbash, Duflo, Joseph, Lusztig, Vogan, to mention a few authors) that resulted, in 
particular, in the classification of the primitive ideals. A basic result is a theorem of Duflo 
that says that any primitive ideal in the universal enveloping algebra U(q) has the form 
J(A) := Ami[/( g ) L(\), where L(X) stands for the irreducible highest weight module with 
highest weight A — p, as usual p denotes half the sum of all positive roots. 

One of the classical problems about primitive ideals is to compute their Goldie ranks. Let 
us recall the definition of the Goldie rank. Take a prime noetherian algebra A. According 
to the Goldie theorem, there is a full fraction algebra Frac(^4) of A. The algebra Frac(^4) is 
simple and so is the matrix algebra of rank r over some skew-field. The number r is called 
the Goldie rank of A and is denoted by Grk(*4). Abusing the notation, by the Goldie rank 
of a primitive ideal J of the universal enveloping algebra U := U(g) one means the Goldie 
rank of the quotient U / J . 

There are many results and constructions related to the computation of Goldie ranks due 
to Joseph, see, in particular, [Jol]-[Jo4]. Some of them will be recalled in Subsection 5.1. 
Here we only going to recall one important construction - Joseph's scale factors. Throughout 
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the paper we basically only consider the case of integral central characters, i.e., we restrict 
ourselves to ideals J(A), where A is in the weight lattice A. 

Any integral weight A can be represented in the form wg, where w is an element in the 
Weyl group, and g is a dominant (integral) weight. This representation is unique if we 
require that wa < for all roots a with (g,a) = (in this case we say that w and g are 
compatible). 

Consider the algebra L(L(w g) , L(w g)) of all jj-finite linear endomorphisms of L{wg). Ac- 
cording to Joseph, this algebra is prime and noetherian. So one can define its Goldie rank. 
It turns out that the ratio Grk (L(L(wg), L{wg))) / Grk(£7($j)/ J{wg)) does not depend on 
g as long as g is a dominant integral weight compatible with w. This ratio, Joseph's scale 
factor, is denoted by z w . It has many interesting properties, for example, it is always an 
integer. 

In [Jo2, 5.5] Joseph proposed a program of computing Goldie ranks. Knowing the scale 
factors is the first crucial step in this program. The second one is to prove that there are 
"sufficiently many" completely prime (=of Goldie rank 1) primitive ideals. 

There is one easy case here: when g is of type A. Namely, all scale factors equal 1, and 
there are sufficiently many completely prime ideals, so the problem of computing the Goldie 
ranks is settled. For recent developments and references here see [Br] . In all other types the 
problem has been open. 

In this paper we are going to state a conjecture, the affirmative answer to which will 
complete Joseph's program, i.e., will yield both a formula for scale factors and the existence 
of sufficiently many completely prime primitive ideals (for integral central characters only). 
Then we will prove the conjecture for the B,C,D types. Also the affirmative answer will 
provide some kind of formulas for the Goldie ranks. The formula will compute the dimen- 
sions of finite dimensional irreducible modules over certain associative algebras known as 
W-algebras. There is one dimension per each primitive ideal and, in the integral central 
character case, we will prove that these dimensions coincide with the corresponding Goldie 
ranks. 

1.2. W-algebras and their finite dimensional irreducible representations. Now fix 

a nilpotent orbit O. From the data of g and O one can construct an associative algebra W 
called a finite W-algebra (below we omit the adjective "finite"). The properties of W we 
need will be recalled in Sections 2,3. For now we will only need to know two things regarding 
W-algebras. 

One is a result obtained in [Lo2] and describing a relationship between the sets Ptq(U) of 
all primitive ideals J C U with associated variety V{U/ J) equal to O and the set Irr f in (W) 
of all finite dimensional irreducible W-modules. The component group A(= A(e)) of the 
centralizer of e G O in the adjoint group Ad(g) acts on Irr/ iri (W). This action is induced 
from a certain reductive group action on W by algebra automorphisms. It turns out that 
there is a natural identification of the orbit space Irr f in (W)/ A with Pro(W). Moreover, in 
[LO] the author and V. Ostrik have computed the stabilizers in A of irreducible W-modules. 
We will need some details regarding this computation to state the main results of the present 
paper so let us recall them now. 

Recall, see, for example, [Lul], that the Weyl group W of g splits into the union of 
subsets called two-sided cells. There is a bijection between the two-sided cells in W and 
certain nilpotent orbits in g called special. This bijection sends c to the dense orbit in the 
associated variety V(U / J(wg)), where w G c and g is regular dominant. Until further notice 
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we will assume that O is special. To each two-sided cell c Lusztig assigned a finite group A 
that is naturally represented as the quotient of the component group A of O. 

Further, each two-sided splits into the union of subsets called left cells (and also into the 
union of subsets called right cells, those are obtained from the left ones by inversion). For 
dominant regular g the map w t-> J(wg) defines a bijection between the set of the left cells 
in c and the set of primitive ideals J with central character g and Y(U/J) = O (if g is 
dominant but not regular one needs to restrict to the left cells that are compatible with g 
in the sense that any - or equivalently some - element is compatible with g). In [Lu2], to 
each left cell c C c Lusztig assigned a subgroup H c C A defined up to conjugacy. The main 
result of [LO] is that the A-orbit in Irr /j„(W) lying over the primitive ideal J(wg), where 
w G c is compatible with dominant g, is A/H c . 

We will need one more construction related to that result. This construction is a parametriza- 
tion of elements in c conjectured by Lusztig and established in [BFO]. In our language it 
can be stated as follows. Fix a regular dominant weight g. Let Y be the set of all finite 
dimensional irreducible W-modules with central character g. By the results of [?], recalled 
above, the group A acts on this set. In particular we can consider the A-equivariant sheaves 
of finite dimensional vector spaces on the square 7x7. Irreducible sheaves are parameter- 
ized by triples (x,y,V), where x,y 6 7 and V is an irreducible module over the stabilizer 
A( Xt y) of the pair (x,y). These triples are defined up to A-conjugacy. Here x is lies in the 
orbit corresponding to J(wg), while y is in the orbit corresponding to J(w~ 1 g). 

This identification comes from a certain functor established in [Lo2] that maps the category 
of Harish-Chandra W-bimodules to a certain category of equivariant bimodules over W. We 
also remark that in type A this bijection reduces to the RSK correspondence and so it should 
be thought as a generalization of the RSK correspondence to other Weyl groups. 

Another thing about W-algebras we need is that they have categories O introduced by 
Brundan, Goodwin and Kleshchev in [BGK] that are analogous to the BGG categories O for 
U. To define such a category one needs to fix an element e e O and, most importantly, an 
integral semisimple element 6 centralizing e. A resulting category will be denoted by O d (g, e). 
The category O d (g,e) contains all finite dimensional simple modules with integral central 
characters (we restrict our our attention on the integral blocks) and also have analogs of 
Verma modules. One can define the notion of a character, a graded dimension, for a module 
in that category O. As usual, the characters of Verma modules are computable. So to 
compute the characters of simple modules (and hence dimensions of the finite dimensional 
ones) it is enough to determine the multiplicities of simples in Vermas. We would like to 
point out that in a relatively easy special case when e is a principal element in some Levi 
subalgebra, the multiplicities are already known, see [Lo3]. Our approach in the present 
paper builds on a construction from there. 

To determine the multiplicities we will define an exact functor from the integral block of 
an appropriate parabolic category O for q to the integral block of an "equivariant version" 
of the W-algebra category O. This functor may be thought as a generalization of Soergel's 
functor V, [So], and so will be called a generalized Soergel functor. An analog of Soergel's 
functor for parabolic categories O was studied by Stroppel in [Stl],[St2]. In the special case 
when q is of type A, Brundan and Kleshchev, [BK1], identified the target category for this 
functor with a subcategory in the category of modules over a W-algebra. We remark that 
the functor we consider, in general, is not isomorphic to Stroppel's. Our functor will map 
Verma modules to some variant of Verma modules and will be a quotient functor onto its 
image. Using this functor we will relate the multiplicities in the W-algebra category O to 
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those in a parabolic category O. We will also study some other properties of V such as a 
relation to dualities and the double centralizer property. 

1.3. Results on Goldie ranks. Now we are going to state the main results and conjectures 
of the present paper related to Goldie ranks. We start with a conjecture. 

Conjecture 1.1. Let O be a special nilpotent orbit and suppose that O is not one of the 
following three exceptional orbits: A4 + A1 in £7, A4+A1, E§(ai) + A\ in E$ (we use the Bala- 
Carter notation, see [McG2],[CM]). Then there exists an A-stable 1-dimensional W- module 
with integral central character. For the three exceptional orbits there is a 1-dimensional 
W-module with integral central character. 

We remark that the primitive ideal corresponding to a 1-dimensional W-module is au- 
tomatically completely prime, see [Lol] for the proof or [Lo4] for the explanation how this 
result follows easily from the previous work of Moeglin, [Mo]. 

Theorem 1.2. Conjecture 1.1 holds for all special orbits provided q is classical. 

Let us state an important corollary of Conjecture 1.1. Let c be the two-sided cell corre- 
sponding to O. Let Y, g, A have the same meaning as in the previous subsection. Pick w G c 
compatible with g. To w assign to it a triple (x, y, V) as explained there (for any regular 
dominant weight). 

Theorem 1.3. Assume that Conjecture 1.1 holds for the pair (fl, O). Then 

(1) The Goldie rank of J~(wg) coincides with the dimension of an irreducible W-module 
in Y (all such modules differ by outer automorphisms, so their dimensions are the 
same). 

(2) z w = dimV\Ay\/\A( Xt y)\. 

Thanks to assertion (2) of Theorem 1.3, Conjecture 1.1 completes one of Joseph's programs 
of computation of the Goldie ranks (for integral central character), see Subsection 5.1 for 
details. For classical Lie algebras the group A is commutative, moreover, it is the sum of 
several copies of Z/2Z and so Ai Xjy \ = A x C\A y , and dim V = 1. One can recover all numbers 
appearing on the right hand side in (2) combinatorially starting from w, see [LO, Subsection 
4.9]. We also would like to remark that the formula in (2) is compatible with results on z w 
obtained in [Jo4]. 

Let us complete this subsection by describing previous results relating dimensions of irre- 
ducible W-modules to Goldie ranks. The existence of such a relationship was conjectured 
by Premet in [Pr2, Question 5.1]. In [Lol], the author proved that the Goldie rank of an 
arbitrary primitive ideal J does not exceed the dimension of the corresponding irreducible 
module. In [Pr3] Premet significantly improved that result by showing that the Goldie rank 
always divides the dimension. Moreover, he proved that the equality always holds in type 
A. However, in other classical types the equality does not need to hold (for ideals with 
non-integral central character). A counter-example is provided by the ideal J{p/2) in type 
C n for n large enough, see [Pr3, 1.3], for details. In [Br] Brundan reproved the equality of 
the Goldie rank and the dimension for type A. 

1.4. Results on characters of simple W-modules. We will need to fix some notation 
to state the main result that is an existence of a functor with certain properties. 

Fix a nilpotent element e e Q. We include e into a minimal Levi subalgebra Qo so that e is 
a distinguished nilpotent element in g - Choose a Cartan and Borel subalgebras t) C b C Qq. 
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Let q = 0j 6Z Jj(«) stand for the eigendecomposition for h. We recall that a distinguished 
element is always even so g (i) := O H g(i) is zero when % is odd. Form the W-algebra W 
from (g, e). 

Pick an integral element 9 G 3(00) suc h that 3 8 (#) = go- Consider the eigen-decomposition 
— 0iez0*- Let b := b © 0>o, where we set >o := i>o 0i, this is a Borel subalgebra in 
0. Further, set p := 0o(^ 0) © >o . This is a parabolic subalgebra in 0. Let P denote the 
corresponding parabolic subgroup. 

Let A denote the weight lattice for 0. For A G A let L 00 (X) , L (X) , L(X) denote the 
irreducible modules with highest weight A — p for 0o(O), 0o and 0, respectively. Let A p denote 
the subset of all weights A such that (A, a v ) > for all simple roots of 0o(O). By A" mx >° we 
denote the subset of A p consisting of all A such that the Gelfand-Kirillov dimension of L (X) 
is maximal possible, i.e., equals to dim0 o — dim0 o (^ 0). 

We consider two categories: the sum of integral blocks of the parabolic category O for 
(0, p), to be denoted by O p and the sum of integral blocks of the category O for W, denoted 
by O e (Q,e). The definition will be recalled in Subsection 3.2. Let W° denote the W- 
algebra for the pair (00, e). The simples in O d (g,e) are parameterized by finite dimensional 
irreducible W°-modules with integral central character, the simple corresponding to J\f° will 
be denoted by Ly v {M°). Further to every finite dimensional W°-module M° with integral 
central character we can assign a "Verma module" A^ v (A/"°). 

One can compute the character of A^ v (A/"°). Namely, consider the action of 3(00) on the 
centralizer 3 (e) of e in 0. Let /ii, ...,//& be all weights (counted with multiplicities) of this 
action that are negative on 9. Suppose that 3(00) acts on A/" with a single weight fiQ. Then 
the character of A e w (Af°) equals e Mo dimA/" YlLii 1 - e w ) -1 . 

We will produce an exact functor V : O p — > O e (g, e). The character computation for the 
simples in O e (g, e) will be based on the following two properties of V. 

1) V maps the parabolic Verma Ap(A) to A^ v (A/"°), where Af° is a W°-module of dimension 
equal to dim Lqo (A). In particular, the character of V(Ap( A)) equals e x ~ p dim L o( A) nf=i(^ — 



2) One can also describe the image of L(X) under V. Namely, if A £ A™ ax '°, then V(L(A)) = 
0. Otherwise, represent A in the form Wo£?o> where Wq is an element of the Weyl group Wo of 
Go, and £> is a weight dominant for O compatible with wq. Since A G A™ ax, °, the element 
Wq lies in the two-sided cell c corresponding to the special orbit G e (and, moreover, in 
a certain fixed right cell corresponding to P). So we can consider the Lusztig quotient A 
corresponding to c , the subgroup H corresponding to the left cell of wo and the if - m odule 

V corresponding to w (the Ao-orbit corresponding to the fixed right cell is trivial). Then 

V maps L(X) to V © 0Lyy(A/"°), where the sum is taken over all (in the number equal to 
\Aq/Hq\) irreducible W°-modules Af° in the orbit corresponding to w q q . 

It is not difficult to show (see below) that the character of L e w (M°) does not depend on 
the choice of M° in the orbit, denote the corresponding character by chw(^ ,o") ) where a 
is the left cell of Wq in Wq. So the multiplicity of chyv(£>o> °") i n the character of A(uqq) for 
uq G A p can be determined by the following formula 

(1.1) \Aq/H q \ y^m{u, w) dimV w , 




where m(u,w) is the multiplicity of L(wo^o) in Ap(«g )- This multiplicity is known and 
is given by (the value at 1 of) the appropriate parabolic Kazhdan-Lusztig polynomial. We 
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remark that we can have dimV w > 1 only if A = S 3 , S 4 , S$ that can only happen in 
exceptional types. In general, it is unclear how to determine V w from w. 

Once the multiplicities of all ch>v(^o, cr) in the character of all A(uqq) are known, we can 
determine the former characters. 

To finish this discussion we would like to point out that the functor V has other nice 
properties to be investigated in the present paper. 

Let us mention some special cases where the character formulas where known before. 
In type A, they follow from the work of Brundan and Kleschev, [BK1]. Somewhat more 
generally, if e is principal in a Levi subalgebra, then the character formulas follow from 
the results of [Lo3]. We remark that both computations are essentially based on using 
essentially opposite special cases of the functor V. Let us also mention that for minimal 
nilpotent elements the character formulas follow from results of [Pr2]. 

Another result related to ours is the main result of [BM]. There they deal with simple 
non-restricted representations over semisimple Lie algebras (or, which is basically the same, 
over W-algebras) in characteristic p. Their main result is that the classes of simples form 
a canonical basis in the sense of Kashiwara. However this does not allow to compute these 
classes explicitly (with a possible exception of the case when e is principal in a Levi). 

For p large enough, one can take an irreducible finite dimensional representation of W, 
reduce this representation (or rather its integral form; see, for example, [Pr3] for technical 
details on this procedure) modulo p and get an irreducible finite dimensional representation 
for the W-algebra in characteristic p. However, a relatively small portion of simples in 
characteristic p is obtained in this way. So, comparing to [BM], we get more explicit formulas 
but for smaller number of modules. 

We get two ways to compute the Goldie ranks of primitive ideals: one via a more explicit 
formula coming from the character formulas in the W-algebra category O and one imple- 
menting a program of Joseph. It is completely unclear to the author why these formulas 
give the same result! 



1.5. Organization and content of the paper. The paper is divided into sections that 
are divided into subsections. Theorems, propositions, remarks, equations etc. are numbered 
within a subsection. Several subsections are further divided into parts. Some of the common 
notation and assumptions used in the paper are gathered in the next subsection. 
Let us describe the content of this paper, section by section. 

Section 2 is preliminary and does not contain new results. There we explain (a slight rami- 
fication) of the definition of a W-algebra via a quantum slice construction that first appeared 
in [Lol] somewhat implicitly and in [Lo5] in a more refined form. Next, in Subsection 2.2, we 
recall the main construction of [Lo2]: a functor •■)• between the categories of Harish- Chandra 
bimodules for U and for W. There are several reasons why we need this functor, for example, 
the functor V mentioned above can be defined analogously to »j. Also «| plays an important 
role both in the study of V and in the computation of Goldie ranks. In Subsection 2.3 we 
recall the classification of finite dimensional irreducible W-modules obtained in [LO]. Sub- 
section 2.4 describes the images of certain simple Harish-Chandra W-bimodules. This gives 
rise to the generalized RSK correspondence mentioned above and again plays an important 
role in the computation of characters and a crucial role in the computation of Goldie ranks. 
Subsection 2.5 briefly recalls some results on a parabolic induction for W-algebras obtained 
in [Lo4]. We will need this results to prove Conjecture 1.1 for classical groups. Finally, large 
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Subsection 2.6 deals with various isomorphisms, mostly of certain completions, that can be 
deduced from the quantum slice construction. 

In Section 3 we introduce categories of modules that are involved in our construction and 
study of V. In the first subsection we recall some known facts about parabolic categories 
O including the Bernstein- Gelf and equivalence. The latter is a crucial tool to transfer the 
properties of •} to those of V. In Subsection 3.2 we recall the definition of a category O for 
W basically following [BGK]. We also recall the construction of Verma modules and explain 
how to compute their characters again following [BGK]. Next, we introduce the category 
of Whittaker W-modules basically as it appeared in [Lo3] and recall an equivalence between 
W-algebra categories O and the Whittaker categories. In the final part of Subsection 3.2 we 
introduce a duality functor for a W-algebra category O, the construction is pretty standard. 
Subsection 3.3 is new but is not very original. There we study the completed versions of 
W^-algebra categories O and of Whittaker categories. A completed version of a W-algebra 
category O is obtained from the usual one via completion. This is no longer so for Whittaker 
categories, a completed version is different from the usual one. Yet, we show that it still has 
analogs of Verma modules and is equivalent to a complete category O for the W-algebra. 

Section 4 is one of the two central sections of this paper. There we introduce a functor 
V and study its properties. In Subsection 4.1 we define a functor denoted by m^ e that 
generalizes «|. Its source category is an appropriate category of W-modules and the target 
category is a category of W-modules. After the functor is constructed we study some its 
general properties: we show that it is exact, intertwines tensor products with Harish-Chandra 
bimodules and study the question of existence of a right adjoint functor. In Subsection 4.2 
we construct a functor V : — > O e (g : e)^ (the notation will be explained below). We 
provide three constructions and show that they are equivalent. The first construction is as 
•^ e , while the other two constructions use the equivalences between the two versions (usual 
and completed) of the Whittaker category and the two versions of the category O for W. 
Further, under some restrictions on P we show that V is O-faithful, i.e. fully faithful on 
modules admitting a parabolic Verma filtration. The last Subsection 4.3 establishes some 
further properties of V. Most importantly, there we show that V is a quotient functor onto its 
image and has the double centralizer property. The properties of V including those needed 
for character formulas are summarized in Theorem 4.6. In process of proving that the three 
constructions are equivalent we establish some important properties of V, for example, its 
behavior on parabolic Verma modules and a relation with the duality functors. 

In Section 5 we deal with Goldie ranks. First, we recall some known results on them, 
almost entirely due to Joseph. In Subsection 5.2 we use the results quoted in Subsections 
2.2,2.4 to prove some formula for the scale factors z w . In Subsection 5.3 we complete the 
proof of Theorem 1.3 modulo Conjecture 1.1. Finally, in Subsection 5.4 we prove Conjecture 
1.1 for the classical types. For this we first use a reduction procedure based on the parabolic 
induction for W-algebras. Then we deal with the three classical types (we do not consider 
type A) one by one, explaining type B in detail and then describing modifications to be 
made for types C and D. 

Section 6 deals with three topics that are related to the functor V. In Subsection 6.1 
we discuss the functor for Harish-Chandra (q, i^)-modules. This subsection does not 
contain any results because at the moment we do not have them. In Subsection 6.2 we 
study a different version of the functor m^ e for a parabolic category O, one associated with 
the Richardson orbit. This functor was studied by Stroppel in [Stl],[St2] but she did not 
relate the target category to VT-algebras. We show that many properties of the functor V 
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carry over to this situation. We also analyze conditions that guarantee the O-faithfulness of 
our functor in type A. In the last subsection of Section 6 we extended (in a straightforward 
way) the definition of to the categories of modules over Dixmier algebras (i.e., algebras 
equipped with a homomorphism from U turning them into Harish Chandra bimodules). We 
are basically interested in two classes of Dixmier algebras: one coming from Lie superalgebras 
and the other from quantum groups in root of unity: we show that the quantum Frobenius 
epimorphism splits turning (in fact, some mild quotient of) the Lusztig form of a quantum 
group into a Dixmier algebra. 

1.6. Notation and conventions. In this subsection we will list some notation and con- 
ventions used in this paper. They will be duplicated (and explained in more detail) below. 
Our base field is an algebraically closed field IK of characteristic 0. 

1.6.1. Algebras and groups. Let G be a reductive algebraic group over K and g be its Lie 
algebra. Fix a nilpotent element e and include it into an sl 2 -triple (e,h,f). Let O denote 
the G-orbit of e. Fix a non-degenerate symmetric G-invariant form on g, say (•,•)> whose 
restriction to the rational form of a Cartan subalgebra is positive definite. Using this form 
we can identify g with g*. We write x f° r the image of e under this identification. By Q 
we denote the centralizer of (e, h, f) in G. This is a reductive subgroup of G. We write g(i) 
for the eigenspace of ad/i := [h,-] with eigenvalue % and use the notation like g(> 0) for 



By U or U (g) we denote the universal enveloping algebra of g. We consider the Slodowy 
slice S = e + 3 (/) C g = g*, where 3 («) stands for the centralizer in g. Let W denote the 
W-algebra of the pair (g, e). Sometimes when we want to explicitly indicate the Lie algebra 
and the nilpotent element used to produce a W-algebra, we use the notation like U (g, e) for 
the W-algebra. 

Set V := [g, /]. By A we denote the Weyl algebra of V. 

We also will consider the "homogenizations" of the algebras above, they will be decorated 
with the subscript u h" . 

In Subsection 2.6, Sections 3 and Subsections 4.2,4.3 we will use the following notation. 
We will fix an integral element 9 G g centralizing e, h, f such that the element e in g := $ B (0). 
By Go we denote the connected subgroup of G corresponding to go- We will consider the 
gradings by eigenspaces of ad#: g = ® ieZ gi,V = ©^W = ©;Z4W = ©^W,. We 
use the notation like U^q similarly to the above. Further, we consider the algebras U° : = 
U^o/(V(^q nWW>o), W°, A (to see that these spaces are actually algebras we notice that, for 
example, U^ is a subalgebra in U, and U^q nUU >0 is a two-sided ideal in U^ ). 

We write m for g (< 0) © g >0 , m for g (< 0) © g <0 , p for g (> 0) © g >0 ,_and t for a(g ). 
Let M, M, P, T be the corresponding connected subgroups of G so that M, M are unipotent, 
P is parabolic, T is a torus. Further we choose a Cartan subalgebra f) C go and a Borel 
subalgebra b C g such that bo := b fl go is a Borel subalgebra in g . Let Ac I)* denote the 
weight lattice and A + be the subset of dominant weights. As usual, we write p for half the 
sum of positive roots. 

We write m° := m fl g , m° := m fl g . We consider the shift m x := {x — (x, x), x G m} C 
g © K and the similar shifts m x , m° , m° . Further, we set := m fl V, 6 := m fl V. 



© 1>O 0«- 
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Finally, in this context, for R we take the centralizer of T C Q in Q. This is a reductive 
subgroup. 

1.6.2. Categories and functors. Here we are going to explain some notation used mostly in 
Sections 3,4. 

We usually abbreviate "Harish-Chandra" as "HC" . We use the notation HC(ZY) for the cat- 
egory of HC W-bimodules, and HC^(W) for the category of Q-equivariant HC W-bimodules. 

For an algebraic subgroup K C G and a character v of its Lie algebra t we write Off 
for the category of (K, z/)-equivariant modules. We say that a (U, i^)-module M. is (K, v)- 
equivariant if the structure map U <8> M — > M is if-equivariant and the differential of the 
i^-action coincides with the t-action given by (x, m) i-> xm — v{x)m. We write Off for the 
full subcategory in Off consisting of finitely generated modules. When v = 0, we suppress 
the subscript. 

In particular, we are going to consider the parabolic categories Off for (g, p) and Off 
for (flO)Po)- The parabolic Verma modules with highest weights A — p are denoted by 
Ap(A), Ap (A). Their simple quotients are denoted by L(A),L (A). We write L 00 (\) for 
the irreducible 0o(O)-module with highest weight A — p. The Verma modules in the whole 
BGG category O are denoted by A (A). 

The categories O for W constructed from the element 9 are denoted by O d (g,e) u (the 
usual version), O e (g,e)ff (the i?-equivariant version), O e (g,e) v (the completed version). For 
the Whittaker categories we use the notation like Wh 9 (g, e)„ etc. Again, when v is integral, 
we suppress it from the notation. 

There are various functors between the categories under consideration. We write ^ for 
the weight completion functor, it maps a module of the form ©^A^ M , where M.^ is the 
t-weight space with weight p, to n^-^M- For example, we will have the completion functor 

• ■.O e (g,e) l/ ^6 e (g,e) u . 

We also consider a different type of completions to be denoted by « A . These are m x - 
adic completions: Ai A := lim ^ M. / m" M. , this gives a functor, for instance, from Off to 

a 

Wh (g, e)ff. Somewhat dually, we have a functor Wh^ that takes a W-module and maps it 
to the sum of all submodules that are objects in Wh d (g, e) v . 

On some categories of interest, we have a "naive" duality functor to be denoted by « v . 
This functor is the composition of taking the restricted dual, to be denoted by M. h-> M^*\ 
and the twist by an anti-automorphism, say r, \-¥ T M^*\ We will also consider the 

homological duality functor that comes from RHom. This functor is denoted by T>. 

Next, we have "Verma module" functors: A^y : O e (g ,e)„ ->■ O e (g, e) u , O e (g , e)ff ->■ 
O e (g, e)„, A : W°-mod -> W-mod, : O e (g , e) v -)• Wh e ( , e) u , A e w : O e (g , e) -)• O d (g, e), 
etc. We will consider the quotients £?(•) by the maximal submodule that does not intersect 
the highest weight subspace. 

1.6.3. Cells, primitive ideals etc. This notation is mostly used in Section 5. We write W 
(resp., Wo) for the Weyl group of g (resp., go) acting to the Cartan subalgebra h. 

We usually denote a two-sided cell by c and left cells by c, Ci, etc.. We write O c for the 
special orbit corresponding to c. Let A denote the Lusztig quotient of the component group 
A(O c ) (i.e., the component group of the centralizer of some element of O c in the adjoint 
group). By H c we denote the Lusztig subgroup of A corresponding to c. The corresponding 
object for g are decorated with the subscript "0". 



DIMENSIONS OF IRREDUCIBLE MODULES OVER W-ALGEBRAS AND GOLDIE RANKS 



11 



To an element w we can assign a simple HC bimodule A4 W of g-finite maps A(p) — > L{wp). 
We write J(A) for the annihilator of L(\) in U. For a HC bimodule Ai we write V(A4) for 
its associated variety that is a subvariety in g = g*. 

By Jp jV we denote the annihilator of Ap(z/ + p) in U. Here u is a character of p. 

There will be some other notation related to Goldie ranks introduced in Section 5. 

1.6.4. Miscellaneous notation. Below we present some other notation to be used in the paper. 



A opp the opposite algebra of A. 

(g) the completed tensor product of complete topological vector spaces/ 

modules. 

(di, . . . ,ak) the two-sided ideal in an associative algebra generated by elements 

Gti, . . . , Ok- 

the completion of a commutative (or "almost commutative") algebra 
A with respect to the maximal ideal of a point x £ Spec (A). 

Amu(.M) the annihilator of an .4- module M. in an algebra A. 

D(X) the algebra of differential operators on a smooth variety X. 

G° the connected component of unit in an algebraic group G. 

(G, G) the derived subgroup of a group G. 

G x the stabilizer of x in G. 

Grk(^4) the Goldie rank of a prime Noetherian algebra A. 

gr A the associated graded vector space of a filtered vector space A. 

Rh{A) := © igZ h l Fj A :the Rees K[ft]-module of a filtered vector space A. 

S(V) the symmetric algebra of a vector space V. 

X(H) the group of characters of an algebraic group H. 



1.7. Acknowledgements. I would like to thank J. Adams, R. Bezrukavnikov, J. Brundan, 
I. Gordon, A. Joseph, G. Lusztig, V. Ostrik, A. Premet, C. Stroppel, D. Vogan and W. 
Wang for stimulating discussions related to various parts of this paper. 

2. W-ALGEBRAS AND FINITE DIMENSIONAL MODULES 

2.1. W-algebras via a slice construction. Let G, g, e, h, /, (•, •), xM-, Q, © have the same 
meaning as in Subsection 1.6. Further, let r be either an involutive anti-automorphism of 
G with r(e) = e, r(/) = /, r(h) = —h or (for formal technical reasons) the identity. We will 
mostly use r described in 2.6.1. 

Let us recall the construction of a W-algebra associated to the pair ($j, e) (or, more pre- 
cisely, to g and the sl 2 -triple e, h, f). Consider the group Q := Z/2Z «(Qx K x ), where the 
generator q of Z/2Z corresponds to r. The action of q on Q is induced by r, while the action 
on IK X is trivial. The group Q acts on q and g*: for q G Q,t G K x ,x G Q, a G Q* we set: 
q.x = Ad(q)x,q.a = Ad*(q)a,t.x = t 2 exp(ln(t) ad(h))x, t.a = t _2 exp(ln(t) ad*(h))a, q.x = 
r(x),q.a = r(a). We remark that this action fixes x- Also the Slodowy slice S := e+3 fl (/) C 
is Q-stable. 

Consider the universal enveloping algebra U of q. We endow this algebra with a "doubled" 
PBW filtration F W = KcF 1 Wc ... CW such that FjW is the span of all monomials 
of degree ^ i/2. Let U% stand for the Rees algebra with respect to this filtration, Un : = 
0j^FjW • ft. On Un we have an action of the group Q := Z/2Z x Q given as follows: 
the action of Z/2Z on g is trivial and the action of Q on g is as before, while Z/2Z x Q 
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acts trivially on h, the other copy of Z/2Z acts on h by changing the sign, and t.h = th for 
t G K x . We can view % as a homomorphism U% — > K via U% S^g) ^» K. Let J x , 7 X denote 
the kernels of x m S{o)Mh, respectively. It is easy to see that I x is Q-stable and therefore 
Q acts on the completion U^ x with respect to x- 

Set V := [fl, /]. We can view V as a subspace in T^g* = I x /I x via the map V — > I x 
sending v to v — (x, v). 

We claim that there is an embedding i : V — > I x x with the following properties: 

(1) t is Q-equivariant. 

(2) The composition of i with a natural projection I x x -» ^x/^x * s ^ ne na t ura l inclusion 

vci x /q. 

(3) [i(u), l(v)] = h 2 u(u, v) for all u,v G V, where u denotes the Kostant-Kirillov form on 
V. 

See [Lo5] for the proof (where we had a smaller reductive group). So t extends to a homo- 
morphism (actually an embedding) of the homogenized Weyl algebra An(V) Ao <—> U^ x , where 
A h (V), by definition, is T{V)[H\/ {u®v — v ®u — h 2 uj{u,v)) and the superscript A means the 
completion at 0. Then, as we have seen in [Lo2], the algebra U^ x decomposes into the tensor 
product A h (V) A "®K[{H)]yV'H, where W h stands for the centralizer of l(V) in U^ x . We remark 
that W h J (h) is naturally identified with K[S'] Ax . The subalgebra Wn of all K x -finite elements 
in W' h , i.e., the elements that lie in a finite dimensional K x -stable subspace, is dense in W' h 
and Wh/(h) = K[S]. By definition, W := Wh/(h — 1). This is a filtered algebra that comes 
with aQx Z/2Z-action by automorphisms and an anti-automorphism r, both preserve the 
filtration. Moreover, the construction easily implies that there is a Q- and r-equivariant Lie 
algebra homomorphism (a quantum comoment map) q — > W with image in F^2 VV such that 
the adjoint q-action on W coincides with the differential of the G-action. In more detail, we 
can consider the natural inclusion q > U^ x , denote it by Also we have a natural inclu- 
sion of sp(V) ^ A A() (as a complement of Kh in the degree 2 component of A h ). Composing 
this with the Lie algebra homomorphism q — > sp(V), we get a map Lp& : q — > A A() . As we 
have seen in [Lo5], under the identification U h x = A^ ^ K ^W h x , the map ipu decomposes 
into the sum + ipw, with ipw being a Q-equivariant map q — >■ W h x with image lying in 
degree 2 component, and, in particular, in Wn- The Lie algebra homomorphism q — > W is 
obtained from ipw by taking the quotient by h — 1. 

All choices we have made differ by an automorphism of the form exp(^ ad /), where / G I x 

and is Q-invariant. So as a filtered algebra with a Z/2Z x (Z/2Z x Q)-action and with a 
quantum comoment map q — > W, W is independent of the choice of i up to an isomorphism. 

An important property of W is that its center is naturally identified with the center Z of 
U. This was first proved by Ginzburg and Premet, see Subsection 2.2 of [Lo2] for details. 

In fact, below we will need a more specific choice of i. 

2.2. Functor »f . This is a functor from the category of Harish- Chandra W-bimodules to the 
category of Harish-Chandra W-bimodules introduced in [Lo2] (a closely related functor was 
constructed by Ginzburg in [Gi]). Let us recall the definitions of the categories, first. 

By a Harish-Chandra bimodule over U (relative to G) we mean a finitely generated U- 
bimodule M such that the adjoint action of q, ad(x)m = xm — mx, is locally finite and 
integrates to a G-action (the last condition is vacuous when the group is semisimple and 
simply connected). On such a bimodule one can introduce a good filtration, i.e., a G-stable 
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filtration F; AA that is compatible with the algebra filtration F; U and such that the associated 
graded gr.M is a finitely generated S'(g)-module. Using this we can define the associated 
variety V(A4) of AA as the support of gr AA, this is a conical G-stable subvariety in g = g* 
independent of the choice of a good filtration. The category of Harish- Chandra (HC, for 
short) bimodules will be denoted by HC(W). 

By a Q-equivariant Harish- Chandra W-bimodule we mean a W-bimodule Af equipped 
with a Q-action compatible with the Q-action on W (in the sense that the structure map 
W®A/"®W— > Af is Q-equivariant) and subject to the following conditions: 

• there is a Q-stable filtration Fj Af on Af that is compatible with the algebra filtration 
on W, 

• we have [F; W, F^ Af] C F i+j _ 2 Af for all % and j, 

• gr Af is a finitely generated KfS'J-module, 

• and the differential of the Q-action on Af coincides with the the adjoint q-action. 

The category of Q-equivariant HC W-bimodules will be denoted by HC^(W). 

A functor « t : HC(W) ->■ HC Q (>V) is constructed using; the same construction as was used 
to construct W in the previous subsection. Namely, take AA G HC(ZY). Form the Rees 
bimodule AA% with respect to some good filtration. We can complete AAn with respect to 
the (left or right, does not matter) J x -adic topology. Denote the resulting U^ x -bimodule by 
A4 h x . This bimodule carries a Q x K x -action compatible with a Q x K x -action on U h x . 
Then one can show that AA^ X splits into the completed tensor product A/>(V) A() (8>K[[fi,]]A/^, 
where Af^ is the centralizer of V in AA^ X and hence is a W^-module. Then again the K x -finite 
part Affr of Af^ is dense. We set AA] : = Afn/(h — l)Afn- This can be shown to be canonically 
independent of the choice of a good filtration on A^. So «| is a functor. 

The functor » t : HC(W) ->■ HC Q (W) has the following properties, see [Lo2]: 

(i) «f is exact. 

(ii) With the choice of filtration as above, the sheaf gr A4^ on S is the restriction of the 
sheaf gr M (on g* = g) to S. 

(iii) In particular, consider the full subcategories HCao(^) C HCq(W) C HC(W) consist- 
ing of all HC bimodules whose associated varieties are contained in the boundary dO 
and the closure O of O. Then »j annihilates HCgo(^) and sends HC^(W) to finite 
dimensional W-bimodules. 

(iv) For AA G HC^(W), the dimension of A4-\ coincides with the multiplicity mult© A4 of 
A4 on O (=generic rank of gr AA. on O). 

(v) There is a right adjoint functor : HCj ira (W) — > HC^(W). Moreover, its composition 
with the quotient HC^(W) -» HCq(W) is left inverse to »j. In other words, «j : 
HCo(W) — > HCj in (W) is an equivalence onto its image. 

(vi) Let AA G HC(W) and Af be a Q-stable subbimodule of finite codimension in AA^. 
Then there is a unique maximal subbimodule AA' C AA with the property AA\ = Af. 
We automatically have AA/AA' G HC^(W). 

2.3. Classification of finite dimensional irreducible modules. We are going to recall 
the classification of finite dimensional irreducible W-modules with integral central characters 
(this notion makes sense because the centers of U and W are identified). This classification 
was done in [LO]. 

We start by recalling one of the main results from [Lo2]. By the construction of W, 
the group Q acts on W by algebra automorphisms. This gives rise to a Q-action on the 
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set lTTfi n (yV) of isomorphism classes of finite dimensional irreducible W- modules. Clearly, 
Z(G) acts trivially. Also recall that there is a Q-equivariant Lie algebra embedding of the 
Lie algebra q of Q into W such that the differential of the Q-action coincides with the 
adjoint q-action. Therefore Q° acts trivially and so we get an action of the component group 
A := Q/Q°Z(G) on Irr/j n (W). The orbit space Irr /m(W) / A gets naturally identified with 
the set Pr (W) of primitive ideals J C U with Y(U/ J) = O. Namely, to an A-orbit we, 
first, assign the intersection of the annihilators of the corresponding irreducibles in W. This 
intersection is a Q-stable ideal, say X, of finite codimension. Then we can apply property 
(vi) to M = U (so that M] = W), and J\f := X. The corresponding ideal J := M' C U can 
be seen to be primitive, and this is the ideal we need. This identification is compatible with 
that of the centers. 

Now let us recall a result from [LO] that explains how to compute the A-orbit lying over 
a primitive ideal J in the case when J has integral central character. The existence of such 
J implies that O is special in the sense of Lusztig. So to O we can assign a two-sided cell, 
say c, that is a subset of W. To c one assigns a subset Itt c (W) (called a family) in the set 
Irr(W^) of irreducible representations of W, where, recall, W denotes the Weyl group of q. 

Let Y A denote the subset of Irrj in (W) consisting of all modules with integral central char- 
acter. The A-action on Y A factors through a certain quotient A of A introduced by Lusztig 
in [Lul]. To define this quotient consider the Springer W x A-module Spr(O). Consider its 
W^-submodule Spr(0) c that is the sum of all irreducible W-submodules belonging to c. Of 
course, this is also an A-submodule. The group A is the quotient of A by the kernel of the 
A-action on Spr(0) c . 

Now let us describe the stabilizers. Pick a left cell c C c and let A be a dominant weight 
compatible with c (i.e., compatible with any w G c, this condition is independent of the 
choice of w). We can view A as a point in \)jW and hence as a central character for U. The 
set of the left cells in c compatible with A is in a bijection with the set of the primitive ideals 
J with central character A and Y(U/ J) = O: to c we assign the ideal J(w\), the annihilator 
of the irreducible highest weight module L(wX) with highest weight wX — p, where w G c. 

According to Theorem 1.1 from [LO], the stabilizer of the orbit over J(w\),w G c, is the 
subgroup H c C A defined by Lusztig in [Lu2]. It can be described as follows. Consider the 
cell module [c]. Then HoimyQc], Spr(O)) = Honuy([c], Spr(0) c ) is an A-module. It turns out 
that there is a unique (up to conjugacy) subgroup H c C A such that the A-modules Q(A/H C ) 
and Homiy([c], Spr(O)) are isomorphic. See [LO], Section 6, for an explicit computations of 
H c starting from [c]. 

2.4. Semisimple HC bimodules. Now fix a finite set A' of dominant weights such that 
the pairwise differences of the elements of A' lie in the root lattice and such that there is 
a regular element g G A'. Consider the subcategory HCo(W)^ s , C HCo(W) consisting of all 
semisimple objects with left and right central characters lying in A'. According to [LO], this 
category is isomorphic to the category Coh A (Y A ' x Y A ') of A-equivariant sheaves of finite 
dimensional vector spaces on Y A x Y A , where Y A is the set of finite dimensional irreducible 
W-modules with central character in A'. Irreducible objects in the latter are parameterized 
by triples (x, y, V), where x, y G Y A and V is an irreducible A^^-module, a triple is defined 
up to A-conjugacy. So any irreducible Harish-Chandra bimodule in HCq(W)a gets mapped 
to some triple (x,y,V). We say that this triple corresponds to the bimodule (or to (w,X) 
if the bimodule is Ai w (\) := L(A(g),L(w\)) or just to w if A = g; the triple does not 
depend on the choice of g). Theorem 1.3.1 from [Lo2] implies that x,y lie over the left 
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and right annihilators of M w (\), those J(w\), J(w~ 1 g). Moreover, the construction in [LO] 
implies that U/J(w\) gets mapped to the sheaf supported on the diagonal of the A-orbit 
corresponding to J(w\), whose fiber is the trivial module. In particular, if d is the Duflo 
involution in c w , then the triple corresponding to d has the form (x, x, triv). This is because 
M.d coincides with U/J(dg) in HCo(W) (the latter basically follows from the definition of 
this involution, see, for instance, [Jol], 3.3 and 3.4, and the Bernstein- Gelf and equivalence). 

A important corollary from [LO] is a formula for the multiplicity of an irreducible object 
M. in HC<q(W)a, see Remark 7.5 and formula (7.1) in loc. cit. Namely, let (x,y,V) be a 
triple corresponding to A4. Then we have 

Ml 

(2.1) multo(A^) = d x d y -j -dimV. 

\ A (x,y)\ 

Here d x , d y are the dimensions of irreducible W- modules lying over the left and the right 
annihilators of M. This formula will be one of the crucial tools to relate the Goldie ranks 
and the dimensions of W-irreducibles. 

2.5. Parabolic induction. Recall the Lusztig-Spaltenstein induction, [LS]. Take a Levi 
subalgebra g C g and a nilpotent orbit O C g. One can construct a nilpotent orbit Ocg 
(called induced from O) from this pair as follows. Pick a parabolic subalgebra p C g with 
Levi subalgebra g. Let n stand for the maximal nilpotent subalgebra of p. For O we take 
a unique dense orbit in G(Q + n). It turns out that O does not depend on the choice of p. 
The codimension of O in g coincides with the codimension of O in g. The intersection of O 
with O + n is a single P-orbit, see [LS]. 

Let VV denote the W-algebra of the pair (g, O). In [Lo4] we have constructed a dimension 
preserving exact functor q : VV-mod/j n — > W-mod/j n between the categories of finite dimen- 
sional modules. This functor depends on the choice of P. Namely, see [Lo4], Subsection 6.3, 
there is a completion VV' of VV such that any finite dimensional VV-module extends to VV' 
and an embedding S : W VV'. The functor under consideration is just the pull-back from 
VV ' to W. Furthermore, we may choose e G O D (O + n) in such a way that a reductive part 
Q of the centralizer Zp(e) lies in the Levi subgroup G of P corresponding to g. The group 
Q acts on VV by automorphisms, the action extends to VV', and the embedding W — > VV' 
is Q-equivariant (the latter can be deduced directly from the construction of S in [Lo4], 
Theorem 6.3.2). 

2.6. Isomorphisms of completions. 

2.6.1. Setting. Let us fix a setting that will be used until Section 5. 

Let e G g be a nilpotent element. We include e into a Levi subalgebra go so that e is an 
even nilpotent element in g . For example, this is always the case when e is distinguished 
in g , equivalently, g is a minimal Levi subalgebra containing e, see, for example, [CM, 
Theorem 8.2.3]. 

Choose an st 2 -triple (e, h, f) in g . Choose Cartan and Borel subalgebras f) C b C go in 
such a way that h G f) and is a dominant (for g ) element there. Let g = ® ieIj g(i) stand 
for the eigendecomposition for h. 

Pick an integral element 6 G l(go) such that l s {0) = g . Consider the eigen-decomposition 
g = © ieZ 0i- Set b := bo © 0>o, where $j>o := ©j >0 9i) clearly, b is a Borel subalgebra in 
g. Further, set p := go(^ 0) © g>o- This is a parabolic subalgebra in g. Let P denote the 
corresponding parabolic subgroup of G. 
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Let a be the anti-involution of g denned as follows: <j|(, = id, <r(ej) = fi,(j(fi) = e%. We 
claim that one can choose e and / in such a way that h e f) is still dominant for g > cr(e) = / 
and hence cr(/) = e. We remark that h is fixed by a because a is the identity on [). So a 
result of Antonyan, [A], implies that e is conjugate to a a-invariant, say e'. The element e' 
can be included into an 5l 2 -triple (e', h', /') in $j with cr(e') = e', cr(/') = /', a(h') = —h'. 
In other words, on the s^-subalgebra with standard basis e', h', f the antiautomorphism 
a acts as the transposition with respect to the anti-diagonal. It is conjugate to the usual 
transposition. So we can find the s^-triple e", h", f" in that sl2-subalgebra with cr(e") = f". 
Now we can replace (e,h,f) with (e",h", f"). Further, we can conjugate such h to f). The 
Weyl group of the symmetric pair (q , $Jq ct ) is identified with the original Weyl group W. So 
we can assume that h is dominant and we are done. Clearly, a lifts to G. 

Let n be the image of ^ under the homomorphism SL 2 — > G corresponding to 

the sl 2 -triple (e,h,f). The matrix is symmetric and therefore a(n) = n. It follows that 
t ; g i — y ncr(g)n~ 1 is involutive. This is our choice of r from now on and until Section 6. 
Recall that we write t for the center 3(90)- 

In the next two parts we establish certain isomorphisms of various algebras. In the rest of 
the paper we will always assume that the algebras are identified as explained below in this 
subsection. 

2.6.2. Right-handed completions. Define a subalgebra m C Q as follows, m := 0o(< 0) © 0>o 
(in [Lo3] this subalgebra was denoted by m, while the notation m was only used in the case 
= 0o, but we want to simplify the notation here). Let us point out that x is a character of 
m. Also we consider the shift of m, the subspace m x := {x — (%, x), x e m} C flffiK. 

We will need a completion of U considered in [Lo3]: U A := bm^W/Wm™. This is a 
topological algebra. 

We can decompose U A into a completed tensor product as follows. As we have noticed 
in [Lo3], t) := m fl V is a lagrangian subspace in V. Thanks to the embedding q ^ W 
we can view 9 as an element of W and consider the eigen-decomposition W = Q) ie %yVi- 
Then we set >V A := hm^ W/WW^, A A := hm^A/At)". We have seen in [Lo3, Section 5] 

(compare with [Lol, Sections 3.2,3.3]), the decomposition U^ x = A ft (l / ) Ax ®K[[^]]l / V^ x gives 
rise to an isomorphism IA K = A(W) A , where we write A(W) A for A A cg>W A , of course, A(W) A 
is the completion of A <g> W with respect to the left ideals A <g> W(t) ® 1 + 1 <g> W> ) n - The 
isomorphism U A = A(W) A maps the left ideal U A m x to A(W) A (o ® 1 + 1 <g) W >0 ). 

Let us recall how the isomorphism is constructed. We embed 1K X into K x x Q with 
differential (1, —N8) for iV large enough. Then we can consider the subalgebras 

of K x -finite vectors. We mod out H — 1 and get isomorphic algebras to be denoted by 
W^AtW) 9 . They are embedded into W A ,A(W) A . Then the isomorphism tf° = A(W)^ 
extends by continuity to an isomorphism U A = A(W) A and this isomorphism has the required 
behavior on the ideal. 

The isomorphism U A = A(W) A induces another isomorphism. Namely, we write U° 
for U{q ). Also we set W >0 := OO W * and W ° : = ^0/(^0 n WW >0 ) = W /(W n 
W<oW>o). As we have noticed in [Lo3, Section 5], the identification U A = A(W) A induces 
an isomorphism of W° and U(g ,e) := [W /W°m°] M °, where m° := m fl O . The algebra 
U(qq, e) (a W-algebra, as defined by Premet in [Prl]) is identified with the W-algebra for q 
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in our sense via an isomorphism of completions analogous to U A = A(W) A but taken for $j 
and not for q. 

The isomorphism U(go,e) ^> W° is i?-equivariant but does not intertwine the quantum 
comoment maps r — > U(q , e), W°. Here the quantum comoment map r — > U($ ,e) is 
obtained as the composition r <^-> U° -» W°/W°m°, while the quantum comoment map 
r — > W° is the composition t4W4 W/WW>o- Instead the isomorphism induces a shift 
on t by a certain character 5, compare with [Lo3, Remark 5.5], i.e., it maps £ G r <^-> t/(0o, e) 
to £ — (5, £). Our setting is a bit different from loc. cit., as we consider a larger algebra here. 
So we are going to provide details. 

Let us write lu,lw, l a for the quantum comoment maps to the corresponding algebras 
(this differs a bit from the conventions of Subsection 2.1) so that under the isomorphism 
U A = A(W) A , we have in — + tyy A key observation is that the map [A/At>] D induced by 
tA is the character 5 that, by definition, equals a half of the character of /\ top D* (see [Lo3, 
Remark 5.5] for a computation). In particular, the restriction of 5 to t is the same character 
as in loc. cit. (we remark that t is naturally represented as a direct summand of r). So the 
map r — > W A = [A(W) A /A(yV) A t)] B induced by l u equals l w + 8. This implies the claim in 
the previous paragraph. 

2.6.3. Left-handed completions. Set m := r(m) = 0< o © 0o(< 0). Define the completion 
A U := ]^m ^U /fhyU. Also set t> := r(m) fl V, this is again a lagrangian subspace in V. 
Set A A := n i^im n A/D n A, A W := hm^ W/ W™ W, where W< := i<o >Vi. Twisting the 
isomorphism U A = A(W) A with r, we get an isomorphism A U = A A(W) := A A(§> A W. 

Again, below we will need several isomorphisms induced by A U = A A(W). We can form 
the analogous completions A U° oiU°, A A° of A := A(V°), where V° := g H V = [g ,e\. 
Also we can consider the eigen-spaces A Ui, A Aj, A Wi for the action of ad(0) (in the case of 
A A rather of the corresponding one-dimensional torus). Then we can define the subalgebras 
A ^ := © i<0 AA ^o, A W <0 and their ideals A U <0 , A A <0 , A W< similarly to W >0 , W >0 . 
We claim that 

A ^ /( A ^o n A w< A u) = A u /( A u n A u <0 A u >0 ) 

is naturally identified with A U° and the similar equalities hold for the other two algebras (in 
the W-case we have, by definition, A W° := W°). 

We are going to prove the isomorphism in the W-case, the other two cases are similar. 
The algebra A U can be realized "explicitly" as follows. Choose a basis xi, . . . , x a , y±, . . . , y^, 
Zi, . . . , z c , wi, . . . , Wd of g x := {x — (x, x)\x G q} such that 

• Xi, . . . , x a are weight vectors for 6 with negative weights, y±, . . . , y^ z±, . . . , z c G Qo, 
while wi, . . . , Wd are weight vectors for 9 with positive weights. 

• yi, ■ ■ ■ ,yb form a basis in m° . 

A, 

Then A W consists of all infinite sums Yl a p 7 «5 n ap^&x a y^ z^w 5 , where a = («i, . . . , a a ),x Q := 
x" 1 . . . Xa" etc., subject to the condition that for any given a, (3 only finitely many coefficients 
n a/ 3 7< 5 are nonzero. The product is induced (=extended by continuity) from U. 

The quotient A U / A U A U >0 consists of the infinite sums of the form X^ Q( 3 7 n ap-yX a y^ ] ^ with 
the same finiteness condition as above. So A U° consists of the sums J2p y n p^ zl (with 
product induced from U or, equivalently, U°) and is naturally identified with A U°. 

The algebra A A(W) /( A A(W) n A A(W) <0 n A A(W) >0 ) is naturally identified with A A°(W°) = 
A A°®W°. It follows that the isomorphism A U = A A(W) induces an isomorphism A U° = 
A A°(W°). Moreover, it also induces an isomorphism A U / A U A U >0 ^ A A(W)/ A A(W) A A(W)> 
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that is linear both over A U A A(W) (acting on the left) and over A U° = A A°(W°) (acting 
on the right). 

Finally, similarly to 2.6.2, the isomorphism A U = A A(W) induces an isomorphism of 
U(e,Qo) := [U° /tn^U°] M and W°. Again, this isomorphism is i?-equivariant but does not 
intertwine the embeddings of t. Rather it again induces a shift by t(S). The elements 5 and 
t(S) are different but they agree on t and their difference is a character of R. 

3. Categories 

3.1. Parabolic category O. 

3.1.1. Definition. Recall that G denotes a connected reductive algebraic group and that we 
have fixed a parabolic subgroup P C G. Fix a character v of p. Let O p denote the full 
subcategory in the category of (g, P)-modules consisting of all modules M where the v- 
shifted p-action, i.e., (x, m) h- > xm — u(x)m, is locally finite and integrates to the action of 
P. Inside O p we consider the full subcategory of all modules where all weight spaces (for 
3(1), where I is a Levi subalgebra of P, or, equivalently, for a Cartan subalgebra h) are finite 
dimensional. Equivalently, O p consists of all finitely generated modules in O p . It is known 
that all modules in O p have finite length. 

Consider the category of all I- and L-modules, where the differential of the L-action 
coincides with the //-shifted l-action. We have the induction functor Ap : — > O p ,M° h- >■ 
U <S>u(p) M°. For the irreducible module L\{X) with highest weight A — p we write Ap(A) for 
Ap(L[(A)), this is, of course, a parabolic Verma module. It has a unique irreducible quotient 
to be denoted by L(X). 

3.1.2. Completed version. We consider a category consisting of all topological U- and 
P-modules M. satisfying the following conditions: 

(1) The weights of 3(1) in M are bounded from above in the sense that there is an element 
in 3(1) such that ad# has only positive integral eigenvalues on the nilpotent radical 
of p and all eigenvalues of 9 on Ai are bounded from above. 

(2) Any 3 (Q- weight spaces is finite dimensional. 

(3) The //-shifted l-action on any weight space coincides with the differential of the In- 
action. 

(4) M (considered as a topological W-module) is the direct product of its t-weight sub- 
spaces. 

We have a completion functor M h-> M : — > that sends M = M A^, where _M M 
is a weight space corresponding to /i e t* to n^-^M- ^his functor is an equivalence of 
categories. 

3.1.3. Right-handed versions. We will also consider the analogs O p,r , O p ' r of O p ,O p con- 
sisting of right modules. 

3.1.4. Duality. We have a contravariant duality functor « v : O p — > O p . Namely, recall the 
anti-automorphism a : g — > jj, see 2.6.1. In particular, it sends P to the opposite parabolic 
subgroup P~. For M = 0„ 6t * the restricted dual := M A^* C is a right 

W-module that lies in O p ,r . The twist Ai v := a Ai^ is therefore again an object of O p . It 
is known that L(\) y = L(X), while A(A) V is a costandard (=dual Verma) module V(A). 
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3.1.5. Bernstein-Gelfand equivalence. Here we are going to recall the classical Bernstein- 
Gelfand equivalence relating the full BGG category O v with a certain category YiC(U) v of 
Harish- Chandra bimodules. Then we introduce recall its parabolic analog. This analog 
should be known but we did not find any reference. 

Let RC(U) 8 denote the category of all HC bimodules with right central character g. As- 
sume that g is strictly dominant meaning that (g, a v ) £ Z<g for any positive root a. Then 
the functor X i— > X ® u A(g) is an equivalence HC(U) S — > O e , see [BG, 5.9]. The quasi- 
inverse equivalence is given by Ai h- > L(A(g) , Ai) , where L(«, •) denotes the space of 0-finite 
maps. 

Now let us proceed to a parabolic analog of this. Suppose we are given a parabolic 
category . Adding a suitable character of P to v, we may assume that v + p is strictly 
dominant (we remark that v is on the roots of [). Let J P ^ V denote the annihilator of 
Ap jJy := A P (u + p) in U. Consider the subcategory HC^)^-" of YIC(U) U+P consisting of all 
bimodules annihilated by J P>U . Since A P (u + p) = A(u + p)j ' J P ^ v A{v + p), this functor can 
be written as X i->- X ® u A P {v + p). So the Bernstein-Gelfand equivalence restricts to a 
functor YLC(U) Jp '» -> 

For reader's convenience, let us recall the proof of the equality A P (u + p) = A(u + 
p) I J Pv A(y + p). First, we have a natural epimorphism A(v + p) -» A P (v + p) that factors 
through A(v + p)jJ P ^A{v + p). The latter corresponds to U / \J Pjl/ under the Bernstein- 
Gelfand equivalence. The ideal J P>V is primitive. Indeed, A P (v + p) is isomorphic to U(q <0 ) 
as a £/(0<o)-module. So its GK multiplicity is 1 and hence the socle of A P (u + p) is simple. 
The latter proves that J P ^ V is primitive. It follows that any proper quotient of U/J p ^ has 
Gelfand-Kirillov (below we just write GK) dimension smaller than that oiU/J P)V (equal to 
dimg — dim I). It follows that A(u + p) / J P ^ v A{v + p) has simple socle and the quotient by 
this socle has GK dimension less then | (dim g — dim [). Since the GK dimension of A P (v + p) 
equals |(dimg — dim I) the required equality follows. 

Since A P (u + p) is the largest quotient of A(v + p) lying in O^, we see that Ai \- > 
L(A(u + p),M) = L(A P (v + p), M) is a quasi-inverse functor to X i-)- X ® u A P (u + p). 

3.2. Category O for W and Whittaker modules I: non-completed version. 

3.2.1. Categories O e (Q, e), O e {g, e). We will define the full categories 0%Q,e) u C O e {$,e) v 
in the category of left W-modules. Namely, recall that q and hence t = j(go) C q are 
naturally included into W. 

Let O d (g, e) stand for the category of all W-modules Af such that 

(1) t acts on Af diaglonalizably and with eigenvalues lying in X(P) + v + 5. 

(2) The collection of integers (p — v — 5,9), where p is a t- weight of Af, is bounded from 
above. 

Below we write Af^ for the weight space with weight p + 5. 

By definition, the subcategory O e (g,e) L , C O e (Q,e) u consists of all modules with finite 
dimensional weight spaces. This is, basically, the category that appeared in [BGK, 4.4] (they 
considered the case when 9 is generic in q but the general case is completely analogous). In 
particular, every object in O d (g,e) u has finite length and so is finitely generated. 

To an object Af G O d (g,e) u we can assign its formal character ch(AT) := ^ M (dimA/' At )e /i , 
where the summation is taken over pet*. 
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3.2.2. Verma modules and their characters. Recall that W° is identified with the W-algebra 
C/(g ,e) for 0o- The category O 9 (g ,e) u is just the category of finite dimensional £7(g ,e)- 
modules, where t acts diagonalizably with weights in X(P) + v. 

We have the induction functor (to be called a Verma junctor) Ayy : 9 (qq, e) v — > O e (g, e) v 
that maps Af° G O e (go,e) u to W <S>w >0 A/ , where we view Af° as a W^o-module via the 
projection W^ -» VV°. Of course, A^, maps O 9 (g ,e) u to O e (g,e) l/ . 

The functor A^ is right exact. It has a right adjoint functor that maps Af to the anni- 
hilator J\f w >° of W>o- It turns out that the functor A^y is exact and, moreover, one can 
compute the character of Ay V (A/"°). 

Namely, consider the decomposition 3 (e) = ieZ 3 9 (e)i and set 3 fl (e)< = ® i<0 h( e )i- 
Pick a basis /i,...,/* of 3 (e)< o consisting of weight vectors for t. Recall that grW = 
KfS 1 ] = ^(^(e)). Lift the elements /i, ...,/& to t- weight vectors fi, ■ ■ ■ , fk in W. 

The following is a straightforward generalization of assertion (1) of [BGK, Theorem 4.5]. 

Proposition 3.1. Let v±, . . . , v m be a basis in Af° The elements J™ 1 . . . fJ! k Vi, where i = 
1, . . . , m, and rij G Z^ 0; form a basis in A 9 /V (Af°). 

Corollary 3.2. Suppose that t acts on Af° with a single weight, say /x , and let . . . , /i k 

be the weights of f ± , . . . , f k , respectively. Then 

k 

chA^A/" ) = e^'dimA/" -e"*) -1 . 

i=l 

Corollary 3.3. The functor A 9 ^ is exact. 

Also we remark that, for Af° G O 9 (g , e) u , Af° is naturally embedded into A 9 /v (Af°). There 
is the maximal submodule of Ay V (A/"°) that does not intersect A/" , the quotient to be denoted 
by Lyy(A/"°). The modules L^ v (A/"°) form a complete list of simple objects in O d (g, e) u . Since 
any object in O d (g,e) u has finite length, we see that O e (g,e) u coincides with the Serre 
subcategory of O d (g,e) u generated by A^y(A/"°). 

3.2.3. Categories Wy(g,e),Wh 9 (g,e). Recall the subalgebra m = g >0 © 0o(< 0) and its 

~ 6 

character \- Consider the full subcategory Wh (g, e) u in the category of left W-modules 
consisting of all modules A4 such that 

(1) The shift m x = {£ — (£,x),£ £ m } ac ts locally nilpotently on M. 

(2) t acts diagonalizably on M with weights in X(P) + v. 

One can define an analog of a Verma module in Wh (g, e). Namely, take J\f° G O 9 (go, e) v . 

Then we have Skryabin's equivalence (see 3.2.4 below) S : O 9 (g ,e) u ^> Wh (go,e) u . We 
set A^(A/"°) := U ®u(q >0 ) Sq{M°). The functor A 9 U admits a right adjoint, the functor 
M ^ M m *. 

By definition, for Wh (g , e) v we take the Serre subcategory of Wh (g , e) v generated by 
the modules A^(A/"°) with AT G O 9 (g , e) v . 

3.2.4. Equivalences. In [Lo3] we have produced an equivalence /C : Wh (g, e) v —> O d (g,e) u . 
In the case when g = g , the equivalence /C becomes an equivalence introduced by Skryabin 
in an appendix to [Prl]. 

~ 

To construct /C, recall the isomorphism U A = A(W) A . The category Wh (g, e) v is nothing 
else but the category of topological W A -modules with respect to the discrete topology, where 
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t acts diagonalizably with weights in £(P) + v. In particular, we can view AA G Wh (jj, e) u 
as a module over A(W) A . Then we define 1C(AA) as AA V . A quasi-inverse functor is given 
by Af >->• K[t>] (g) Af. Here A acts on K[o] via the identification A = P(t)), or equivalently, 
K[t>] = A/Ad. 

According to the main result of [Lo3], the functor /C e intertwines the functors A^, A^. 
It follows that fC induces an equivalence of Wh 6 (g,e) u and O e (g,e) u because both these 
subcategories are defined in terms of A^. 

3.2.5. Equivariant version. Set R := Q fl Go, this is a reductive subgroup in G (and a 
maximal reductive subgroup of Q fl P). We can consider the P-equivariant versions of the 
categories under consideration. For example, by an P-equivairiant object in O e (g,e) u we 
mean a module Af G O e (g,e) equipped with an action of P that makes the structure map 
W x Af — > Af into an P-equivariant map and such that the differential of the P-action 
(defined in both completed and non-completed settings) coincides with the action of r C W 
(shifted by v + 5; for Whittaker categories we just consider a shift by v). The P-equivariant 
categories will be denoted by O d (g,e)^, etc. Since the isomorphism U A = A(W) A is P- 
equivariant, we see that /C upgrades to an equivalence of equivariant categories. Let us also 
mention that the Verma module functors are lifted to the equivariant categories, i.e., for, 
say, Af° G O d (g,e)^, the Verma module Ay V (A/"°) has a natural P-equivariant structure. 

3.2.6. Duality for O e (g, e) . Here we are going to define a contravariant involutive equivalence 
O e (d, e )v — > O d (g, e) v . We are going to use conventions of 2.6.1. In particular, tc f). 

To M E O e (g, e) v we can assign its restricted dual A/" w = Met » M* C Af*. Recall that r 
fixes f) and hence t. The twist Af v := is therefore an object in O e (g, e) u . Since r 2 = 1, 

we see that « v is involutive. 

Also it follows directly from the construction that ch(AT) = ch(A/" v ). 

A pairing Af\ x A2 — > K is called contravariant (or r-contravariant) if (T(a)ni, 712) = 
(ni,an 2 ) for all a G W, n-i G Afi,i = 1,2. For example, there is a natural contravariant 
pairing Af y x A/" — > K. 

The following lemma characterizes the module A/" v up to an isomorphism. 

Lemma 3.4. Let Af G O e (g, e) u , Af± G O (g,e) u . Suppose that there is a contravariant pair- 
ing (•, •) : Af x Afi — > K ^ero Ze/it and no/i^ kernels. Then there is a unique isomorphism 
Af v ^> Af\ that intertwines the pairing Af\ x Af — > K wit/i a natural pairing Af v x JV^K. 

The proof is straightforward. 

Let us finish by noting that « v naturally upgrades to an equivalence of i?-equivariant 
categories. 

3.3. Category O for W and Whittaker modules II: completed version. 

3.3.1. Categories O e (g, e), O e (g, e). By definition, the category O e (g,e) u consists of all W- 
modules AA satisfying the following conditions: 

(1) AA is complete and separated with respect to the W<o-adic topology. 

(2) The eigenvalues of t on AA. are in X(P) + v + 5 and are bounded from above (in the 
sense that {9, \i — v — 5) is bounded for a weight ji). 

(3) AA (considered as a topological W-module with respect to the W<o-adic topology) is 
the direct product of its t-weight subspaces (where the latter is considered with the 
direct product topology). 
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Inside O e (g ) e) u we consider the full subcategory 9 (g,e) u consisting of all modules with 
finite dimensional weight spaces. We again have a completion functor Af \-t Af : O e (g, e)„ — >■ 
O e {Q, e )v that sends Af = 0„-A/" M , to ]^[ A/^. The only claim that one needs to check in 

order to verify Af G O e (g, e)„ is that the W< -adic topology on A/" is complete and separated. 
But this is straightforward from the decomposition into the product of weight spaces. 

Lemma 3.5. The functor • coincides with the functor of W<a-adic completion, Af h-> 
l^im^ A/"/W" n A/" and zs an equivalence of categories. 

Proof. Let us check the claim about an equivalence. For A/ 7 G O e (g, e)„, let A/£ in denote the 
subspace of t-finite elements. In other words, A/£ in = ©„A^. Clearly, A/^ in is an object of 
C^(0? e )^ an d the functor •^ in is quasi-inverse to •. 

Now let us check that ^ coincides with the W<o-adic completion functor. Any object 
in O e (g,e) u is generated by finitely many weight vectors as a W^o-module. From this 
observation it is easy to deduce the coincidence under consideration. □ 

We have a Verma functor Ayy : 6 (g Q ,e) v ->■ O d (g,e) l/ . On O e (g ,e) u , is just Af° >-)■ 
A^ v (A/"°). On the other hand, (this follows, for example, from Lemma 3.5) 

A^AO = [ A w/ A w A w >0 ]§woAr°. 

Thanks to the equivalence O d (g,e) u = O d (g,e) u , we see that O d (g,e) u coincides with the 
Serre subcategory of 3 e (g,e) u generated by A^(Af°) with Af° G O e (g ,e) u . 

-6 ~ 8 

3.3.2. Category Wh (g, e) and equivalence JC. Now we are going to define a category Wh (g,e) u 
and show that it is equivalent to O e (g,e) v . 



Recall the subalgebra m := g< © 0o(< 0) = r(m). Let Wh (g ) e) u consist of all A U- 
modules M such that 

(1) The m x -adic topology on A4 is separated and complete. 

(2) The weights of t on A4 are integral after the //-shift and are bounded from above. 

(3) As a topological module, A4 is the direct product of its t-weight spaces. 

We are going to construct an equivalence /C : Wh (g, e) u — > O (g, e) u . This functor will be 
produced as a restriction of an equivalence between the categories A W-csMod of A W-modules 
that are complete and separated in the m x -adic topology and the category A W-csMod of 
A W-modules that are complete and separated in the W< -adic topology. 

Recall the isomorphism N U = A A(W). Under this isomorphism, an equivalence /C : 
A U — csMod — > A W-csMod is given by taking the D-coinvariants. A quasi-inverse equivalence 
looks as follows. Choose a lagrangian subspace t>* C V complimentary to t>. Then = 
A A/ A A6* is a A A-module (independent of the choice of t>* up to an isomorphism). A quasi- 
inverse equivalence sends Af to K[[t)*]]<E>A/". 

The claim that the two functors are quasi-inverse to each other reduces to the following 
lemma. 

Lemma 3.6. Let U be a finite dimensional vector space and M be a module over the algebra 
D(U) of differential operators on U. Suppose that M is complete and separated with respect 
to the U*-adic topology. Then M decomposes into the product o/K [[£/]] and some complete 
separated topological vector space M (with trivial action of D(U)). 
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The proof is very similar to (and is a slight generalization of) the proof of [LO, Lemma 
5.14] but we will provide it for reader's convenience. 

Proof. By induction, compare with loc.cit., we reduce the proof to the case when dimU = 1. 
Let p be a basis vector in U and q G U* be the dual basis vector so that [p,q] = 1. Set 
r := ^~^~Q 1 P % j tins is a well-defined element of the completion A D(U). Moreover, we 

have pr = 0,rq = and Ylt^o \l %r P % = 1 i n A D{U). It follows that m = J2t^o jitffP 1 ™ 
for every m G M. But this just says that M = K[[g]]®r(M) and r(M) coincides with the 
annihilator of p in M (and is naturally isomorphic to M/qM). □ 

Now let us show that /C restricts to an equivalence Wh ($j, e) ^> (9 (g, e) The functor 
is essentially just taking the tensor product with K[[t>*]]. All eigenvalues of 9 on that 
module are non-negative integers. It follows that properties (l)-(3) in the definitions of 

the categories are equivalent for Af and Kfft)*]]®^. This shows that /C _1 is an equivalence 

^ - — - e 
between 1 (0, e) and Wh (g,e). 

- — e - e 

3.3.3. Verma functor for Wh (g, e) and definition of Wh (fj, e). Once again, we have a 

Verma functor A 6 U : O 9 (g , e) v ->■ Wh (g, e)^: 

A^ h (Af°) := *U/ A U A U >0 ®, u oS (M°). 
Here S is the o -counterpart of the equivalence Kr l . It is straightforward to check that 

Q 

A e (Af°) is indeed an object of Wh (fl,e)„. 

„ g $ 

We define the full subcategory Wh ($j, e) u C Wh (g, e) v as the Serre span of A^(A/"°) with 

We claim that K.^ 1 (and hence /C) intertwines the functors A^ and A^y. We have the 
following equality of modules over A A(W), 

A^A/- ) = [ A A(W)/ A A(W) a A(W)>o]§a A o (>v o ) (K[[6 *]]§AA ) = 
( a A/ a A a A >0 §a A oK[[6 *]]) § ( A W/ A W >0 §woA' ) = 
K[[d*]]§A^(A- ). 

But this equality precisely means that (A^(J\f )) = A^(A/"°). 

In particular, it follows that /C restricts to an equivalence of Wh (jj, e)„ and e ($j, e)^. 
We remark that we do not know any direct equivalence between Wh (g, e)„ and Wh e (g, e)^. 

3.3.4. Equivariant versions. Again, we can consider the equivariant versions O (q, e)^, Wh e)f? 
of e (g, e)„, Wh ($j, e)„ and can upgrade /C to an equivalence of these categories. 



4. Generalized Soergel functor 

4.1. Functor m^ e . 
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4.1.1. Category Of;. Recall that we have fixed an sl 2 -triple e,h,f G g. Next, pick a con- 
nected algebraic subgroup K C G such that 

• U := £ fl V is a lagrangian subspace in V := [g, /]. 

• x vanishes on 6. 

Let i? denote a maximal reductive subgroup of the intersection Q fl K. 

Let us provide an example of this situation we are mostly dealing with in this paper. 

Let 9,g = ieZ Qi, p be as in 2.6.1. Then we set K := P. Let us check that our conditions 
are satisfied. Clearly, \ vanishes on P and so it remains to prove that U is lagrangian. 
First, it is easy to see that u x vanishes on t and hence on t fl V. Let us compute the 
dimension of t n V. We have t n V = (q (> 0) n [go,/]) © [fl>o,/]- The first summand 
is isomorphic to [0o,/]/flo(< 0) and so its dimension is dimg (< 0) = |dim[g ,/]. The 
s^-modules g >0 and g<o are dual to each other and hence are isomorphic. So dim[g >0 , /] = 
±(dim[g,/] - dimfoo,/])- We get dimtDV = §dim[g,/] = ±dimV. 

Recall that in Subsection 2.6.1 we have introduced the anti-automorphism r of g. We 
would like to point out that p is not r-stable. 

Two other examples of K will be introduced in Section 6. 

4.1.2. Choice of i : V — >■ I x . Now we are going to prove that there is an embedding i : V <^-> 
I x with properties (2)-(3) from Subsection 2.1 such that the image of U lies in U h x i. 

Let us choose a basis in g x as follows. Let x±, . . . , x k be a basis of eigenvectors for [h, •] in U. 
Let yi, ■ ■ ■ ,Uk G V be such that x±, . . . , yi, . . . , y k is a symplectic basis, i.e, for the symplec- 
tic form uonF (given by u;(u, v) = (x, [u,v])) we have u(xi,Xj) = u(yi,yj) = 0,u>(yi,Xj) = 
5ij. Further, complete x\, . . . , Xk, yi, ■ ■ • , Vk to a basis in g with vectors Z\, . . . , z m G 3 fl (e) fl 

iwi, . . . , tw m / G 3 (e). So we have K[g*] A * = K[[x ± , . . . , x n , y u . . . , y n , z x , . . . , z m , w u . . . , uw]] 
as an algebra and U^ x = K[[xi, ... ,x n ,yi, ... ,y n ,Zi, ... ,z m ,Wi, ... ,w m i,H]] as a vector 
space. 

What we want to do is to construct elements Xi,jji, Zj,Wk G with i = 1, . . .,n,j = 
1, . . . , m, k = 1, . . . , m! such that 

• Xi- xi, ^ - y h Zj - Zj,w k - w k G I\, 

• = [yi,yi>] = 0, [xi,yi'} = 5uih 2 , and the 5's and y's commute with z's and u>'s. 

• Xi, Zj G £^ x £ . 

Then we define t by := 5j, t(yj) := yV 

Construct an element X\ as follows. Set a\ := p[yi,£i] — 1. Expand a\ in the form 
°i = ESo /i^u wh ere each £ is a series in x 2 , . . . , x n , y u . . . , y n , z u . . . , z m , w u . . . , «; m /, h 
(with the variables written in this order, although this does not really matter). We remark 
that ai G J x or, equivalently, fi has zero constant term. Set x^ := X\ — J aidxi, where 
j aidxi := Xli^o We remark that / aidxi G and also that j a x dxx G W^ x l. We 

have 

-[ yi ,x?\ - 1 + ai - j2-[ Vl , fl ] X ^ - y: 

i=0 i=0 ^ ' 

Since the /j's do not include x\ as a factor, we see that /i] G J x . Also 1 — G J x . 

So we see that := jp[yi,x^] — 1 G Now we can do the same procedure for x^ instead 
of Xi. We will get G I x ,x^ := Xi — J a^dx^\ and [yi,xf\ — 1 G For fx we take 
the limit lim n ^ +00 aJx™" 1 • This element commutes with yi, is congruent to xi modulo J x and 
belongs to U^ x t. 
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Let us set y\ = y\. We remark that x±, h]]<S>K[[h]]Z = U h x , where Z stands for the 

centralizer of y\,Xi in U^ x , compare with the proof of Proposition 3.3.1 in [Lo2]. 

Now let us show that we can find Xi, y^ Zj, wy, i = 2, . . . , n, j = 1, . . . , m, f = 1, . . . , w! 
such that 

(i) y\,x\ commutes with Xi,j)i, Zj,Wji, 

(ii) Xi- Xi,yi-yi, % - z^wy - w y G l\. 

(iii) Xi, 2j G U^ x t for alH = 2, . . . , n, j — 1, . . . , m. 

As before, we can modify the elements Xi,yi, Zj,Wj>, so that they commute with y\ and (ii) 
and (iii) still hold for the modifications. Let us write Xi,y~i etc. for these modified elements. 
Let us show how to produce x 2 from x 2 so that (i)-(iii) are satisfied for x 2 . The other elements 
are similar. Since [yi,x 2 ] = we have x 2 = YllLoUiQi with gi G Z. Since x 2 — x 2 G J^, we 
see that g G x 2 + while gi G I x . We set x 2 := g . Clearly [5i,aj 2 ] = 0. Since y\gi G i^, 
we see that x 2 — x 2 = (x 2 — x 2 ) + (x 2 — x 2 ) G It remains to check that x 2 G U^ x t. 
This will follow if we check that y\gi G U^ x t for all i. First of all, let us point out that 
jp\Uft X t,Uft X t] C W^ x t, which follows from the observation that t is a subalgebra. Consider 
the operator E := — ^yi[xi, •]. It preserves the centralizer of y\ and also U h x \ and sends an 

element of the form Y^LoViQi t° YlTLo^Vidi- Also ^n x ^ ls dosed i n the J x -adic topology, see 
[Lo2, Lemma 2.4.4] for a more general result. Since all elements E l x 2 are in u£ x £, we see 
that indeed y\gi G U^ x t for any i. 

So we have constructed the elements Xi,y~i, Zj,Wj> satisfying (i)-(iii) above. Set y 2 := y 2 . 
Now we can produce x 2 from x 2 from before, then modify the elements Xi,j)i(i ^ 3),Zj,Wj> 
so that the new elements satisfy (i) with y±,xi replaced with y 2 ,x 2 as well as (ii),(iii). And 
so on. We finish with elements x^y^ Zj,Wk with required properties. 

Let us discuss the equivariance with respect to group actions. The subalgebra t is R x Un- 
stable. Averaging over Z/2Z x R x K x preserves the property that l{U) C lAy x t. So an 
embedding i can be made Z/2Z x R x K x -stable. Also if t is r-stable, then i can be made, 
in addition, r-stable. 

In the case of most interest for us, t = p, the subalgebra is not r-stable, unless g = 
go- However, in this case one can still choose i to be r-equivariant. Indeed, t H go is T ~ 
stable. Also recall that in this case we assume that R is contained in Go- So averaging over 
Z/2Z x (Z/2Z x K x x R) preserves the property that i(U n g ) C U£ x t On the other hand, 
since the averaged i is still [0, -]-equivariant, i(V fl g >0 ) C W^ x g> C U^ x i. 

In general, it seems that we cannot make i both Q-equivariant and mapping U to U^ x t. 
However, we still have an action of Q on W^ x that restricts to the R := Z/2Zx (Z/2Z x i? x 
K x )-action coming from the splitting. This is because any two i?-equivariant t's differ by 
an automorphism of the form exp( Jj- ad(a)), where j^a is a i?-invariant element and a G 
The target category for »j is still HC Q (W) because the transformation exp(-^ ad(a)) acts on 
M. h x for any HC bimodule Ai. 

4.1.3. Construction o/«f, e . Pick a module M G Off. We can choose a ^-stable increasing 
exhaustive filtration Fo M. C Fi Ai C ... on such that this filtration is compatible 
with the filtration on U and grAI is a finitely generated S'(g)-module. In fact, since the 
filtration is i^-stable, grA4 is a S(g/t) = K[fi- L ]-module. Consider the Rees W^-module 
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The space K[[U,h]} has a natural structure of a A£ -module, K[[U,h]] = A^/A^ U (an 
element u £ U acts by h 2 d u ). 

Lemma 4.1. Let A4' h be the annihilator of U in A4^ x ■ A natural homomorphism 

K[[U : h}}® Km M' h ^M A h * 

is bijective. 

Proof. The proof is similar to that of Lemma 3.6 and to other related statements such as 
[Lo2, Proposition 3.3.1] but we provide a proof for reader's convenience. 

The kernel of the homomorphism is an ^-saturated (meaning that the quotient is 
flat) A^(\/) A °-submodule in K[[U, ft]]<8>K[[n]]-Mfi- Any such submodule can be shown to inter- 
sect A4' h , compare to [?, Lemma 3.4.3]. It follows that the kernel is trivial. It remains to 
prove that the homomorphism is surjective. 

Recall that, thanks to the choice of a filtration on Ai, we have tA4n C h 2 M.h- It follows 
that UM^ X C h 2 Mz x . 

Choose a basis x±, . . . , x m in U and vectors y 1 , . . . , y m e V such that y±, . . . , y m , x\, . . . , x m 
form a Darboux basis of V. For each % = 1, . . . ,m and any n G A4^ x the sum Pi(n) : = 

Y^j^o yiw x i n conver g es - Moreover, this sum is annihilated by Xj. Also, by the con- 
struction, n — n = yi-n', where n := Pi(n), for some n' E A4 R X . We can repeat the same 
argument with n' and get a decomposition n — n — yiU\ = yfriQ. Repeating this procedure 
we represent n as the infinite sum Y^=o yl n j w hh XiUj = for all j. The element rij in this 
expression has to be given by rij = pi{-^x\n) . The operator commutes with x^, y^, py for 
i' 7^ i. So we can first decompose n into the sum of X]j=o V\ n oi then decompose each rij into 
the sum Ylk=oV2 n jk as above. But now each n jfc is annihilated by both Xi,x 2 - Proceeding 
in this way, we get a required decomposition of n. □ 

With this lemma, we can construct the functor m^ e completely analogously to »j. Namely, 
let Mh denote the subspace of K x -stable elements in Af^. Again, similarly to [Lo2, Proposition 
3.3.1], using the fact that Wn is positively graded, one shows that Af^ x = Af^. Then we set 
Ai^ e := Mn/ (fi— 1). This is a finitely generated W-module that is (canonically) independent 
of the choice of a good filtration on Ai (compare with the proof of a similar claim for «| in 
[Lo2]). 

The group R naturally acts on M^ e and this action is rational. However, the differential 
of the i?-action coincides with the action of r C W only up to a shift by v + 5k, where 5k 
is half the character of K on /\ top U*, compare with the end of 2.6.2, for the reason similar 
to that situation. In particular, when K = P, we have 5p = t(5). This is because U and 
are complimentary lagrangian subspaces in V. 

We also can consider the right-handed analog ' r of in the category of right U- 
modules. A straightforward ramification of the construction above produces a functor «I e 
from 0^ ,r to the category of right W- modules (with i?-action). 

4.1.4. General properties of»^ e . It is straight-forward from the construction that the functor 
•l >e : Off — > W-mod^ is exact. Here W-mod^ is the category of finitely generated W- 
modules that are i?-equivariant after the shift of the r-action by v + 5k- 
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Further, for M G Off and a Harish-Chandra bimodule X we have X ® u M G Off and we 
have a natural isomorphism (X® u M)},e — > X^(S)y\> M-\,e- This is proved by tracking the con- 
structions of «| and •■|- je . In particular, if O is an irreducible component of V(U/ Ann^(A4)), 
then M.\, e is finite dimensional. 

Next, since W is a filtered algebra with gr W = ~K[S], one can define the associate variety 
V(iV) of a finitely generated W-module N, this will be a conical (with respect to the Kazhdan 
action) subvariety of S. We have V(M t>e ) = V(M) n 5. 

Next, we claim that there is a functor : W-mod^ — > Off with the property that 
Hoi%(«, • J< ' e ) = Homw,ij(«f, •)• This functor is constructed similarly to the functor «t 
in [Lo2]. Namely, we pick A/" G W-mod^. Choose some good filtration and form the 
Rees module Afn- Then set M' h := K[[U, ^]]<8>K[[7i]]A/jf x . Choose the maximal subspace A4n, 
where K x acts locally finitely and the action of t shifted by v (i.e., given by (x,m) >->■ 
-j^xm — (v,x)m) integrates to a A-action. This subspace is g- and i?-stable and hence 
we have two .R-actions: one obtained by restricting the action from A4' n and the other 
restricted from a A-action. Similarly to [Lo2, 3.3], the structure map g ® M. h — y M. h is 
i?-equivariant for both actions and the restrictions of the two A-actions to R° coincide. We 
deduce that the difference of the two actions is an A/A°-action commuting with g. We set 
A/"t> e : = M* /R °/(h - 1). We remark that A^' 6 comes equipped with a filtration (induced 

D / DO 

from the grading on A4 h ) and this filtration is good on any finitely generated submodule 
of Af^' e . As in [Lo2, 3.4], •t' 6 is a functor and it satisfies the required "adjointness" property. 
Of course, if we know that Af^ e G Off for all Af, then • t,e is the right adjoint functor of •| >e . 

For a conical A-stable subvariety Z C t 1 - we can form the full subcategory Off z C Off 
consisting of all modules M with V(M) C 

Till the end of the subsection we make an additional assumption. Namely, we assume that 
^flO has finitely many A-orbits. Set Y := Ke. This is an irreducible component of t -1 n O 
and its dimension equals |dim\/. 

Consider the subvariety Z := (J , O'flt- 1 , where the union is taken over all nilpotent orbits 
©' such that O <f_ O'. We can form the subcategories Off z , Off ZuY C Off and their quotient 
Off Y . The subcategory Off z is precisely the kernel of «f, while Off ZuY is the preimage of the 
category of finite dimensional representations. In particular, the functor m^ e descends to a 
functor from Off Y to the category W-modffj in of finite dimensional //-shifted A-equivariant 
W-modules. 

Now consider the special case when codiniy(<9F) > 1. We can restrict to the subcat- 
egory Offy . Then we can show analogously to [Lo2] that Af^ e lies in Offy for any Af G W- 

m 0d»,fin- 

Also under the assumption that codimy(<9F) > 1 we have an analog of [Lo2, Theorem 
4.1.1]. Namely, pick M G O k and let Af C M^ e be an A-stable submodule of finite 
codimension. Then there is a unique maximal submodule M' C M such that M.\ e = Af. 
Moreover, the quotient A4/A4' lies in Oy. The module A4' coincides with the preimage of 
Af^' e C (M^eV ,e under the adjunction morphism M — > (A4^ e Y' e - The proof repeats that of 
[Lo2, Theorem 4.1.1]. 

We remark however that sometimes the codimension condition is not necessary: for Off 
the conclusions of the two previous paragraphs are still true, as we will see in Subsection 
4.3. 



4.2. Functor V. 
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4.2.1. Three definitions. Our goal is to define a functor V : O p — > O e (g,e) p . We start by 
giving three different definitions. Below in this subsection we will see that all three functors 
are isomorphic. 

We claim that Ai\, e £ O e (Q,e) v for Ai G O p . By the construction, the action of r C R 
integrates to R after the v + 5-shift. The other claims that we need to check (that the 
weight spaces are finite dimensional and are bounded by above) will follow if we show that 
the one parametric subgroup K x — > Q with differential 6 contracts V(Ai^ e ) to e. But 
V(M^e) = y(M) n S. Since V(M) C p 1 - and p 1 - = (g H p^) © >o we only need to check 
that (00 Hp- 1 ) n (e + 3 fl0 (/)) = {e}. But Qo^p 1 - = Q (> 0) and 3 go (/) C g (< 0) so our claim 
follows. 

Let us now define V 2 . Pick Ai G O p . Set M A := l^M/ra^M. We claim that 
Ai A = n^-^^ ? where « Ao is the analog of » A for g . Indeed, n^-^^ i s complete and 
separated in the m x -adic topology and contains Ai as a dense submodule. 

So M A is an object in Wh%, e)J. So t{M A )f in G O e (g, e)* We set V 2 (M) := IC(M A ) fin 
so that V2 is a functor O p — > O d (Q,e) p . Below we will see that the image is actually in 
O e (Q,e)K. 

Finally, let us define a functor V 3 . Again, pick Ai G O p and consider the completion 
At. This is an object in O p . Then we twist the g-action on Ai with Ad(n _1 ), we get an 
object n Ai G (9™ Pn . The nil-radical of the parabolic subgroup n~ 1 Pn coincides with m. 
For a module Ai' G (9™ Pn we let Wh(.M') be the subspace in Ai' spanned by all t-weight 
vectors that are nilpotent for the action of m° (and automatically nilpotent for q>q). Hence 

Wh(Af) G Wh%,e)*. So Y 3 (M) := /C(Wh( n_1 .M)) is an object of O d {Q,e) p . 

Below in this subsection we will prove that the three functors V; are isomorphic. The 
scheme of a proof is as follows. First, we show that Vi = V 2 , this is quite easy. After that, 
it remains to prove that V2 = V3. We start proving this by showing that V3 is dual to 
V 2 , i.e. V 3 («) = V 2 (« v ) v . Next, we show that V t (X ® u M) = A t ® w Vi(M) for all i (a 
bi-functorial isomorphism). After that, we show that the functors Vj basically intertwine 
the Verma module functors. Finally, we use the Bernstein- Gelf and equivalence to establish 
an isomorphism V 2 = V3. 

4.2.2. Isomorphism ofY 1 and V 2 . Recall that /C is defined as follows. We use the identifi- 
cation A U = A A(W) to view M A = A IA ®u Ai as a module over A A(W). This module is 
isomorphic to K[[6*]]®A/", where Af is a A W-module. Taking ^-finite elements in Af, we get 
V 2 (.M). Recall that by 0* we mean any lagrangian subspace in V complimentary to 6, in 
particular, we can take 6* = U. 

On the other hand, we can define on the dehomogenized level (we still need to fix 
a good filtration on Ai). Namely, we can set Ai^ :— ®u M.. Alternatively, Ai^ — 
{Ai ^ x )k><- fin I '(^ ~~ 1)- The algebra is naturally included into A IA and we have Ai A = 
A U Ai^ . On the other hand, applying the ^-construction to the decomposition Ai h x = 
K[[U,h}]® Km] Af£ x , we get = A{Wf ® A (w) (K[C/] <g> M u ). The module Af t , e can 
be recovered by factoring out and then take ^-finite vectors (in fact, the latter is not 
necessary). We get 

Ai A = A A(W) ® A(W) * = A A(W) ® HW) (S(t>) ® M u ) = K[[t>*]]®M^ e . 

So Af = Ai^ e and hence V 2 (.A/f) = Ai\, e - Tracking the construction, we see that it is 
functorial. 
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It remains to prove that V 3 = V 2 . The proof will occupy the rest of the subsection, its 
various parts will also be used later. 

4.2.3. V2, V3 and duality. Here we are going to show that V 2 (» v ) v = V 3 («). In particular, 
this will imply that V 3 is exact and its image is in O e (g, e)^. 

We are going to show that there is a natural non-degenerate pairing between Y^(Ai) and 
V 2 (.M V ). As we have seen, Lemma 3.4, this implies the existence of a functorial isomorphism 
Y 3 {M) = ¥ 2 {M v y. 

Recall that we have a a-contravariant pairing Ai y x Ai — > K. It can be regarded a r- 
contravariant pairing M v x n ~ M that identifies n " M with the full dual of M v . It follows 
that there is a r-contravariant pairing 

(4.1) (M V ) A x Wh( n ^M) ->■ K 

that identifies Wh( n 1 M) with the continuous dual of (M V ) A . Recall that the identifications 
A U = A A(W) and U A = A(W) A are obtained from one another by a r-twist. So (4.1) gives 
rise to a non-degenerate (in the sense that both left and right kernels are zero) contravariant 
pairing between {M v ) A /v(M v ) A and Wh( n_1 jW) D . The latter module is Y 3 (M). The for- 
mer module is Y2(M V ). So we get a natural non-degenerate contravariant pairing between 
V 2 (.M V ) and Y 3 (M). An isomorphism V 3 = V 2 (» v ) v is therefore proved. 

4.2.4. Products with Harish- Chandra bimodules. We claim that all three functors V« satisfy 
Yi(X ® u M) = Aj ®w Yi(M) (functorially in A and M), where A is a Harish- Chandra bi- 
module. We have already established this property for Vi. For V 2 , the property follows from 
the already proved isomorphism Vi = V 2 . So it remains to prove the functorial isomorphism 
forV 3 . 

First of all, we claim that there is a natural transformation X^ W Y 3 (M) — > V 3 (A<g) w .M). 
There is a natural homomorphism A ® u M. — >■ A ® u M. extending A ® u M — > A ® u M . It 
is again easy to see a natural transformation A(g>^Wh(.A/f) — > Wh(A®w M.)- But according 

to [LO, Theorem 5.11], /C(A ® u Mi) = A t ® w JC(Mi) for any Mi E Wh e (g,e) u and this 
isomorphism is bifunctorial. So we get a natural transformation of interest. 

Above we have already proved that V 3 is exact. Thanks to the 5- lemma, it is enough to 
show that the natural transformation is an isomorphism for A = L <g>U, where L is a finite 
dimensional G-module (here q acts on the right in a naive way, while the left action is given 
by x(l®m) = x.l®m + l®xm). It is clear that L <8> M = L ® M. . Thanks to [LO, Theorem 
5.11], it is enough to show that taking the tensor product with L commutes with taking 
Wh. This easily reduces to the claim that the conditions for x G L <g> M\ to lie in a finite 
dimensional submodule are equivalent for the following actions: 

• the diagonal 53-action, 

• the g x g-action, 

• the g-action on the second factor. 

This observation is a formal corollary of dimL < 00. Here Mi is an arbitrary g-module. 
So we have proved that A t ® w V 3 (A^) = V 3 (A <g> w M). 

4.2.5. Images of induced modules. Let V° be the functor defined analogously to V« for Qq, 
where i — 2,3. Consider the parabolic category O^ for (go?-Po '■— P H Go). We have the 
induction functor A : U°-Mod ->■ U-Mod, A°{M°) := U ®{/ too) M° that maps 0?> to O^. 
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Our goal now is to show that the functors V;(A°(«)), A>v( V °(*)) : 0*> ->■ O e (0,e)^ are 
isomorphic. This boils down to checking an isomorphism of bifunctors 

Hom^^V^AV)),?) = Hom o . (0ie)? (A e (V°(.)),?). 

Consider the case i — 2 first. We have Y 2 (M.) = K,(Ai A ) /j n . Both *f in and /C are category 
equivalences. So, for G 0^,Af G e)j,, we have a bifunctorial isomorphism 

(4.2) Rom e (d , e) n(Y 2 (M),Af) = Rom^e {s ^(M A , /C^A?)). 

Clearly, A°(M°) A = A U ® u A°(M°) = A U ® u(a>o) M° = [ A U / A U A U >0 \® . u oM OAo = 

A^V^A^ )). Recall that K, intertwines the functors A^,A^y, while intertwines Ayy 
and A^y. So 

(4.3) H O m Whe(6e)? (A (A4 ) A ,/C- 1 (^)) = Rom o e M n(A d w (Y 2 (M°)),Af). 

Combining (4.2) and (4.3), we see that Y 2 {A°(M )) = A e w {Y° 2 (M )) . 
Let us proceed to V 3 . We are going to use a similar argument. We have 

(4.4) Rom e {Ste)R (Y 3 (M),M) = Rom Wh e {3je)R (Wh( n ~'M), K' 1 ^)). 
We have a natural map 

(4.5) A°(Wh ( ^M 6 )) -> Wh(A (^VW )) 

induced by a natural inclusion Wh ( n iMo) ^ Wh(A°( n ~ 1 M. )). Assume for a moment 
that (4.5) is an isomorphism. The functors Ai° n 1 A°(A^°), A°( n l/W ) are isomorphic 

via a Cg) m i— > Ad(n)a ® m. As in the case of V 2 , A°(Wh ( ^M )) = A e u {Y° 3 {M )) and, 
combining (4.4) with our assumption on (4.5), we see that 

Rom o e {gie)R (Y 3 (A (M)),Af) = Rom o e {s , e) n(A 9 w (Y 3 (M°)),Af). 

Hence Y 3 (A°(M)) = A 9 W (Y° 3 {M )). 

So it remains to show that (4.5) is an isomorphism. 

The composition of (4.5) with the inclusion Wh(A°( ^M )) C A (™ _1 A( ) is injective 
because the functor A is exact. So (4.5) is injective. 

To show that (4.5) is an isomorphism it is enough to check that the characters of the images 
of both modules under /C are the same. The argument above shows that the coincidence 
of characters is equivalent to saying that the characters of V 3 (A°(Af )) and Ayy(V 3 (Af )) 
are the same. Since both functors V 3 o A , A^, o V 3 are exact it is enough to consider the 
case when M° is simple. Recall that V 3 («) = V 2 (« v ) v . So V 3 o A°(M°) = Y 2 {V°{M°)) V , 
where V°(«) := A°(«) v . The classes of V° (M°) , A (M°) in the Grothendieck group of 
coincide. Since V 2 is exact, the characters of V 2 o V°(A1°) and of V 2 o A°(A1 ) coincide. 
Also the duality « v for the W-algebra does not change the character, see 3.2.6. We see that 
the characters of V 2 (A°(Af )) and of V 3 (A°(Af )) are the same. Now we claim that the 
characters of Ay V (V^(M. )) , Ay V (Y^(M )) are the same, this will finish the proof. To show 
the coincidence of those characters one needs to show that VS^Al ), V 3 (A1 ) are isomorphic 
as t-modules. This again follows from V 2 (Af 0Vo ) Vo = V 3 (A1 ). Indeed, by construction, » yo 
does not change the t-module structure. 



DIMENSIONS OF IRREDUCIBLE MODULES OVER W-ALGEBRAS AND GOLDIE RANKS 31 

4.2.6. Isomorphism ofY 2 andY 3 . First, we will show that the images of a certain parabolic 

Verma module under V2 and V3 are isomorphic. Then we will use 4.2.4 and the Bernstein- 

Gelfand equivalence recall in 3.1.5 to show that V2 = V3. 

The parabolic Verma module we are going to consider is Ap(v> + p). Recall that Jp, v 

denotes its annihilator in U. 

Clearly, A P (z/+p) = A°(A Po (v+p)). Thanks to 4.2.5, it is enough to show that V° 2 (A Po (v+ 

p)) = Vg(Ap (i/ + p)). So it is enough to assume that g = go- 
In this case, the dimension of V2(Ap(z/ + p)) = Vi(Ap(z/ + p)) equals to the multiplicity of 

Ap{y + p) on Pe, the dense orbit of P in p ± . As we have recalled in 3.1.5, this multiplicity 

equals 1. Since the duality does not change the multiplicity, 4.2.3 implies that dim V 3 (Ap(z/+ 

p)) = 1- 

So to show the isomorphism it remains to prove that the annihilators of both modules 
coincide. The ideal J := Jp )V coincides with the kernel of the epimorphism U — > D U (G/P), 
where the target algebra is the algebra of //-twisted differential operators on G/P. So it 
is prime (and even completely prime) and hence primitive, and \(U/J) = O. Moreover, 
the element e is even and hence the morphism T*(G/P) — » O is birational. It follows that 
the multiplicity oiU/J = D U (G/P) on O is 1. So J\ is an ideal of codimension 1 in W. 
It annihilates V2(Ap(z/ + p)) because of the isomorphism Vi = V2. Let us show that 
annihilates V 3 (A P (z/ + p)). We recall that V 3 (A P (z/ + p)) = /C(Wh( n_1 Ap(i/ + p))). The 
ideal J annihilates n A P (u + p) and hence Wh(™ A P (u + p)). Thanks to [LO, Theorem 
5.11], V 3 (Ap(z/ + p)) = /C(Wh( n Ap(z/ + p))) is annihilated by J v 

The proof of the isomorphism V 3 (Ap(z/ + p)) = V2(Ap(z/ + p)) is now complete (for g = g 
and hence for general g, as well). 

Now we are ready to complete the proof of an isomorphism V2 = V 3 . Recall the parabolic 
Bernstein- Gelfand equivalence X ^ X ® u A P (v + p) : E.C(U) Jp <» . Under the 

identification of 0? with RC(U) Jp ^, thanks to 4.2.4, we have V;(X) = X t ® w Vi(A P (z/ + p)). 
Since V 3 (Ap(z/ + p)) = V 2 (Ap(z/ + p)), we are finally done. 

From now on, all three isomorphic functors will be denoted by V. 

4.3. Further properties of V. Here we will show that V is a quotient onto its image and 
identify the modules annihilated by V. The next important property we are going to prove 
is that V satisfies the double centralizer property, i.e., is fully faithful on projective objects. 
Then we are going to establish a sufficient condition for V to be fully faithful on standardly 
(=Verma) filtered objects. Finally, we summarize the properties we have proved in Theorem 
4.6. 

4.3.1. Quotient property. 

Proposition 4.2. The functor V : O p v O e {Q,e)^ is a quotient functor onto its image. 
The image is closed under taking subquotients. The modules killed by V are precisely those 
whose all weight spaces fort have GK dimension less then dimg — dimg (^ 0) (the maximal 
GK dimension of a module in O p °). 

Proof. First, let us consider the case g = go- 

Recall the identification = HC(W)^, where we set J := Jp tV -, and that under this 
identification the functor V becomes X i->- X^ <S>w -A/", where Af is a unique 1-dimensional 
W-module annihilated by Jy The functor Y t->Y ®w H is an equivalence between the cat- 
egory HC? in (W) :7t annihilated by from the right and the category of Q-equivariant finite 
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dimensional W-modules. So V becomes just the restriction of «| to RC(U) J — > B.C^ in (W) Jj i 
and now our claim follows from the properties of »j. 

For the future use we remark that the functor maps B.Cj in (W) J:t to RC(U) J . This is 
because J = (J7f)^ (the equality follows from J being primitive, \{U/J) = O, and results 
recalled in Subsection 2.2) and so if Af is annihilated by then, by the construction of 
is annihilated by (j7f So V possesses a right adjoint functor. 

Now proceed to the case of a general 6. It is enough to prove that the functor J 7 : 

M. i — y M A : — y Wh (g,e)^ is a quotient onto its image. As we have noted in 4.2.1, 
A4 A = n^et*-^^ ' where is the /z-weight space for the action of t. The claim about 
the objects annihilated by J 7 follows now from the properties of V° (an object in O^ is 
annhilated by V? if and only if its support does not contain e; this is equivalent to the 
condition on the GK dimension). 

We claim that there is a right adjoint functor Q for J 7 . First recall that the functor 
A4° H> A4 0A ° has a right adjoint functor because it becomes V° under a suitable category 

a 6 

equivalence. The right adjoint functor is realized as follows. For A/" G Wh (g , e) R let 
Go{Af°) be the sum of all submodules of A/" belonging to O^ . Similarly to 4.1.4, on Qo{Af°) 
we have two -R-actions, one restricted from A/" and one coming from the Po _ac tion. They 
agree on R° and their difference is an i?/i?°-action commuting with g. Let Q (Af°) denote 
the subspace of i?/i?°-invariants in Go(Af°). 

Now take Af G Wh (g,e) p . Then its weight subspaces Af^ are objects of Wh (g ,e) p . 
Clearly, M A/" M C Af is g-stable. Further, it is easy to see that 0^ Go(Af^) is a g-submodule. 
The action map g x 0^ ^o(A^) — y 0^ ^o(A^) is equivariant with respect to both R- actions. 
So Q{Af) := M ^o(A/" M ) is a g-submodule in Af . It follows easily from the construction 
that Hom w (A4 A , A/") = Hom w (A4, Q{M)). Since all W°-modules Q(Af)^ = Go(Af„) are in 0$ 
(because Qq is right adjoint to V°), all f)-weight spaces in Q(Af) are finite dimensional and 
so Q(Af) G O*. So Q is a right adjoint functor for V 2 . 

Let us show that the kernel and the cokernel of the adjunction homomorphism A4 — y 
Q o \ 2 {AA) lie in the kernel of V. But this homomorphism has the form 0^ A4^ —y 
M QoO^i-M-n)), where the maps A4^ —y Goi^iAd^)) are the adjunction maps. Our claim 
follows. 

Let us prove that the image of V 2 is closed under taking taking subquotients (equivalently, 
taking subobjects). Namely, let us take a subobject Af' C Af (in the category Wh (g, e)f?). 
It has the form U,ei*K So W) = and WW) = U^GoW). But 

V 2 (^o(A/^)) = Af^ by the already established properties of Y° 2 . □ 

4.3.2. V vs homological duality. Recall that we have a derived equivalence T>y : D b (0„ ) — y 
Z} 6 ((9 p ' r ) opp , where 0„' r denotes the analog of for right modules, given by 

T> u {») := RHom(«,W)[dimg - dimp], 

compare with [GGOR, Section 4.1]. 

Clearly, if Af is a finitely generated i?-equivariant left W-module, then Homw(A/", W) is 
also finitely generated and i?-equivariant (as a right W-module). Therefore we can form a 
similar functor for the W-algebra, V w : D b (W - mod^) ->• D b (W opp - mod*) opp ,V w (») = 
RHom(«, W)[dim3g(e) - dim^e)^]- 
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We can define the analog of Vi(«) = for the categories of right modules completely 
analogously to the above, see 4.1.3. This functor will be denoted by V r . 
Then we have the following statement. 

Proposition 4.3. The functors Y r (H i{V u {m))) Hi(V w (¥(•))) : O p v ->■ (W opp - modf ) opp 
are isomorphic. 

In fact, the functors Y r (U u (»)) and V W (Y(»)) should be isomorphic but we do not want 
to provide a careful proof of this because we will not need this fact. 

Proof. Pick Ai G and fix a good filtration of Ai. Then we can pick a graded free 
resolution . . . — > A 1 — > A — > gr Ai and lift it to a free resolution ...—>■ A 1 — )■ A — > Ai such 
that A 1 is the sum of several copies of U each equipped with a shift of the PBW filtration 
and all differentials are strictly compatible with nitrations. Then we get a graded resolution 
. . . A\ — > A\ — > Ain- Let us tensor the resolution with U^ x . Since U^ x is a flat £4-module, 
see [Lo2], we get a resolution of Ai^ x : 

...Al Ax ->AT x ^M A h x - 

There is also another way to obtained a free resolution of Ai^ x = K[[U, ^]]®k[[^]]A/^ x , where 
Mh is the Rees module of Y(Ai) (with the filtration induced from Ai). So we can take a 
free resolution ...—>■ AP — > Y(Ai), lift it to a graded free resolution: ...—>• A% — > A4, and 
then complete at x- Also we can take the Koszul resolution for the A^°-module K[[U, h]] = 
A£ /A£ U. This resolution is obtained by taking the Koszul resolution . . . ->■ K[U] <g> A* U ->■ 
K[C/] ® A^ 1 17 -» ... of K[C/] /([/") and applying the functor A£° ® K[U] • to it. Multiplying the 
resolutions of K[[U, ft]] and Af^ x , we get another resolution of Ai^ x = K[[U, ft]]®K[[/t]]-A^*- 

We are going to show that the homology of the dual of the first resolution produces 
Hi(y r (T>u(AA))) (in the same way as was used in 4.1.3 to pass from U^ x -modules to W- 
modules: we need to, first, factor out K[[/][[ft]], then take K x -finite elements, and then mod 
out ft — 1), while the co homology similarly produce Hi(V w (Y(Ai))). 

Consider the resolution — > A\ A\ A\. The complex 
(4-6) Al%Al%Al... 

of right modules computes RHom(.A/l/i, W/i). The complex A°^ x -A A 1Ax — A 2 ^ x . . . com- 
putes KB.om(Ai h x ,U h x ). Its cohomology are obtained by completing the cohomology of 
(4.6). This means that the cohomology of V \T>u{Ai)) are obtained from the first resolu- 
tion in the way explained in the previous paragraph. The proof for the second resolution is 
similar. 

The isomorphisms of the two H l, s we have constructed do not depend on the choice of 
a filtration on At for the same reason as for m^ e to be a functor. Also the construction is 
functorial in Ai for the standard homological algebra reasons. □ 

4.3.3. Double centralizer property. Our goal here is to prove the double centralizer property: 
that Hom p('Pi, V-i) = Hom e( 8 ^ii(Y(Vi), V(P 2 )) for any projective objects Vi,V 2 G O p . 
Our proof closely follows that from [GGOR]. 

The socle of Ap(A) has maximal GK dimension and hence is not annihilated by V = •■|- je . 
It follows that the natural homomorphism Ai — > V*(V(A4)) is injective for any standardly 
filtered (=admitting a filtration such that the subsequent quotients are parabolic Verma 
modules) module Ai. Similarly, a costandard object (=dual Verma) has no simple quotients 
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annihilated by m^ e . Since the quotient is annihilated by V for any M, we see 

that the natural morphism Rom p(Mi, M2) — > Hom C) s( e )ii(V(A^i), V(A^2)) provided M 2 
is standardly filtered, while Aii is costandardly filtered. 

Similar results hold for 0^ ,r and the functor V r . Pick a projective V G Oj?. Then T>u(V) 
is a tilting object in (0^ ,r ) opp or, equivalently, in 0„' r . In particular, T>k(V) is a standardly 
filtered object in 0^' r . Also if M is a standardly filtered object in , then Z> W (.M) is a 
standardly filtered object in (0^ r ) opp and so a costandardly filtered object in 0^ r . So 

Hom p(A4,P) = Kom r4V u (V),V u (M)) = Hom wopp _ mod H (V o V U (V), V o P W (.M)). 

As we have seen, if* o V o V u = H 1 o V w o V. In particular, V w o Y(V),V W o Y(M) are 
objects of W opp -modf isomorphic to V o V U (V), V o V U (M). It follows that 

mod^ (VoD u (P),VoD M (M)) = Rom Wopp _ mod R (D w oV(P), £> w oV(Ai)). 

But the right hand side is just Hom vv _ mod fl(V(X), V(P)) = Hom e (fl!e)? (V(.M), V(P)). 
From this argument we deduce that the spaces Hom^F (A4 , V) and Hom 6>( ge )fl(V(.A/f ), V('P)), 
at least, have the same dimension. But, as we have seen, the former is included into the 
latter, so they coincide. For M. we can take another projective, since any projective in 
is standardly filtered. 

4.3.4. 0- faithfulness. Our goal here is to prove that under a certain assumption on P the 
functor V satisfies an even stronger property that the double centralizer one, namely that V is 
O-faithful meaning that Hom p(Ali, M.2) = Hom e( gie )fl(V(A1i), V(A^2)) for any standardly 
filtered objects Aii, M.2- The condition on P is that the complement to the open orbit of Pq 
on 0o(> 0) has codimension (in go(> 0)) bigger than 1. We will elaborate on this condition 
for g = sl n in Subsection 6.2. 

Proposition 4.4. Suppose that P satisfies the condition of the previous paragraph. Then 
the functor V is O-faithful. 

Proof. The O-faithfulness condition is equivalent to Q o J-{M) = M for any standardly 
filtered M G O^, where J 7 is its completion functor M h-> M A and Q is the right adjoint, 
compare with the proof of Proposition 4.2. 

First, we reduce to the q = q case. Recall that T{M) = Yl uel * J^iM^), G(N) = 
M £° (A/" M ) and therefore 

(4-7) G(?{M)) = ®G (J*(M I >)). 

So it is enough to check that G°(J r0 (M a )) = M u for any t-weight space M n of M. 

We claim that if M is standardly filtered (in O^), then any t-weight space M n is stan- 
dardly filtered in O^ . It is enough to check this when M is a parabolic Verma module. We 
have Ap(/i) = A (Ap (//)). So as a g -niodule, Ap(/i) is U(g <0 ) ® Ap (/x). So any t-weight 
space of Ap(/x) is the tensor product of Ap (/i) with some finite dimensional Go-module and 
so is standardly filtered. 

The previous paragraph together with (4.7) reduces the proposition to the case when 
0o = (and e is even). We consider that case until the end of the proof. We remark that 
to check the equality M = Q(J Z (M)) for any standardly filtered module M, it suffices to 
consider the case when M is a parabolic Verma module. 

We need to prove that for a parabolic Verma module M, we have Qn{M^ x ) = Mn, where 
Qn is the right adjoint functor to » Ax . Recall, 4.1.4, that Qn is just taking the maximal 
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subspace where the //-shifted p-action integrates to P and the Kazhdan action of K x is 
locally finite. We remark that the orbit Pe is simply connected and therefore we do not 
need to take the i?/i?°-invariants (the i?/i?°-action is trivial). Below we write instead 
of g h . To show that M h = (M^ x ) fin it is enough to check (compare to [Lo2, Section 3.3]) 
the analogous equality modulo h~: i.e., that M = (M Ax )f in , where M := M.^jhM.^. But we 
can choose a good filtration on M. such that M is a free K[g(> 0)]-module, say IK[g(> 0)] ffin . 
Then we can apply results of [Lo2, Section 3.2] to see that (M A *) P _ /in = K[Pe]® n . The 
codimension condition implies that K[Pe] = K[g(> 0)]. □ 

Remark 4.5. The proof of the double centralizer can also be deduced from results of Strop- 
pel, [Stl],[St2]. Namely, her results imply that V° (that is a quotient functor killing all 
simples with non-maximal GK dimension) has double centralizer property. We are going to 
deal with integral categories. Similarly to the proof of Proposition 4.4, it is enough to check 
that if V is projective in O p , then all weight spaces P^ are projectives in O p °. If V is a 
dominant Verma, then this is checked similarly to the parallel part of the proof of Proposi- 
tion 4.4. In general, V is a direct summand in the tensor product of a dominant Verma and 
a finite dimensional g-module. The claim that all are projective easily follows. 

4.3.5. Summary of properties. Here is the summary of our results describing the properties 
of the functor V. 

Theorem 4.6. There is an exact functor Y : O p — > O (q, e) R with the following properties: 

(i) The functor Y is a quotient onto its image. It annihilates precisely the modules whose 
all {-weight spaces have GK dimension less than dimg (< 0). 

(ii) The functor Y intertwines the products with HC bimodules: Y(X ®u M) — X^ ®w 
Y(M). 

(iii) Let A be the induction functor U(g) ®u( 3 >) •■ Then Y(A°(M )) = A e w (Y°(M )) 
for M° e O p °. Here V° : O p ° -> C(g , e) p \s an analog ofV for (g , e). 

(iv) The dimension of Y°(Ai°) coincides with the multiplicity of Ai (on Pqc). In partic- 
ular, the character o/V(Ap(/x)) equals dimL o(/^)e M rii=i(l ~ e Ml ) _1 . Here /ii, . . . 
are the weights of i on i g (e) <Q . 

(v) V commutes with the naive duality: Y(M y ) = Y(A4) y . 

(vi) The image of the simple L(fj) under Y equals L^y(V (L (/i))) . In the case when 
v = 0, the module V°(L (/x)) is computed as follows. Let w be the element of the 
Weyl group Wo corresponding to fi. To Wq we can assign the subgroup H in the 
Lustzig quotient A associated to (go,e) and also an irreducible H -module V. Then 
V°(Lo(//)) is the homogeneous bundle over Aq/Hq with fiber V (E> A/" , where Af° is the 
irreducible W° -module corresponding to the point eH e Aq/Hq. 

(vii) The functor Y has double centralizer property. 

(viii) Assume that the codimension of g (> 0) \Po e go(> 0) is bigger than 1. Then Y is 
0- faithful. 

Everything but (vi) has already been proved. Let us prove (vi). The description of 
Y°(L (/j,)) follows from the main result of [LO], (ii), the Bernstein- Gelf and equivalence, and 
the special case of (iii) describing the image of A Po (p), see the proof of Proposition 4.2. 
Now to get the description of V(L(/i)) one can argue as follows. Y(L(fi)) is a quotient of 
V(A°(L (/i))) = A^(V°(L (/i))). The object V(L(/i)) G C e (g,e) R is simple thanks to (i). 
But V°(L o (a0) is a simple object in O e {Q ,e) R . So the object A^(V°(L (aO)) e O e {g,e) R 
has simple head, Ly V ,(V°(L (//))), and therefore this head has to be isomorphic to V(L (//)). 
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We recall that it is parts (iv) and (vi) that allow us to compute the characters of the 
modules Ly V (A/"°) G O d (Qo,e). We have mentioned already that these characters do not 
depend on the choice of A/" in the Ao(e) = R/R°-orbit. This is because the Ao(e)-action on 
the classes of irreducibles in O e (Qo,e) v does not change the character and the functor L 6 ^ 
intertwines the A (e)-actions on the classes of simples in O 9 (g ,e) and in O e (Q,e). 



5. GOLDIE RANKS 

In this section we fix a special orbit O C Q and take the W- algebra W for that orbit. Let 
c be the two-sided cell corresponding to O. By c w we denote the left cell in c containing an 
element w. 

5.1. Reminders on Goldie ranks. In this subsection we will recall a few classical facts 
about Goldie ranks proved by Joseph. 

First of all, following Joseph, we will consider some new algebras. Namely, consider the al- 
gebra L(L(w\), L(wX)). It is known, see [Jol, 2.5] that this algebra is prime and noetherian, 
so has Goldie rank. For A G A + let g w (X) denote the Goldie rank of L(L(wX), L(wX)). 

Each left cell c has a unique distinguished involution d c called a Duflo involution. As 
Joseph proved in [Jol] for each dominant A compatible with d c we have 

(5.1) Grk(W/J(4A))=g, c (A). 

So the collection g^(A) contains all Goldie ranks that we have originally wanted to compute. 

According to [Jol, Corollary 5.12] there is a polynomial q w (X) such that g w (X) = q w (X) 
for all dominant A compatible with w (we remark that our notation here is different from 
Joseph's; we write q w (X) for what Joseph in [Jo2] would denote q w (X); for Joseph q w (X) = 
g w (w~ 1 X)). In particular, we have Gik{U / J{wX)) = p w (X), where p w (X) = qd c (X),w G 
c. The polynomials p w (X) are called Goldie rank polynomials. Furthermore, the quotient 
q w {X) / p w (X) is independent of A and is a positive integer independent of A. This positive 
integer is known as Joseph's scale factor and is denoted by z w . In fact, below we will only 
need to know that z w is a number bigger than 1 (the equality Grk(U / J(wX)) ^ g„,(A) is a 
consequence of the inclusion U/J{wX) C L(L(wX), L(wX)) that is provided by the W-action 
on L(wX) - such an inclusion implies the inequality, see [W]; but the claim that the ratio 
is independent of A is not so easily seen). A crucial property of the polynomials p w (X) with 
w G c is that their span is an irreducible W^-submodule of K[h*], see [Jo2, Theorem 5.5]. 
This submodule is isomorphic to the special W^-module in c. Moreover, if we choose elements 
wi, . . . , Wk, one in each left cell of c, then the polynomials p Wl , . . . ,p Wk form a basis in the 
submodule. 

In [Jo2, Theorem 5.1] Joseph determined the polynomial p w up to a scalar multiple. So to 
complete the Goldie ranks computation one needs to determine a collection of scalars, say 
s c , one for each left cell a. As Joseph, basically, pointed out in [Jo2, Remark 1 in 5.5], if one 
knows the scale factors z w for all w G c, then one can, in principle, determine the scalars s c 
for all left cells c C c up to a common scalar multiple. Let us explain how this works. 

In [Jo2, 5.5, Remark 1], Joseph finds a formula expressing y.q w ,y G W, w G c as a linear 
combination of elements q w > with w' G c. The coefficients are expressed in terms of the 
multiplicities in the BGG category O and so are known. If one knows the coefficients z w for 
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all w G c, then one can express y.p Wi in terms of the p Wj ,j = 1, . . . , k, say 

k 

(5.2) y-p m = J2 b )^P^- 

But the elements p w . are linearly independent and their span is an irreducible W^-module so 
the basis (p Wi )^ =1 is determined uniquely up to a scalar multiple. 

That single multiple can be determined uniquely if one knows that there is w G c such 
that p w (X) = 1 for some A G P. The latter happens if there are compatible w G c and 
A G A + such that J(wX) is completely prime, i.e., Grk(U / J(w\)) = 1. In fact, there is a 
conjecture of Joseph saying that for each w G c there is A G P with p w (X) = 1 (of course, 
generally A will not be dominant). 

To finish this subsection let us mention that Joseph also had a conjecture computing the 
scale factors z m , see [Jo3, 5.3]. It is unclear to us whether his conjecture is compatible with 
Theorem 1.3. 

5.2. Scale factors: Joseph vs Premet. Let w G c. The goal of this subsection is to 
provide a formula for Joseph's scale factors z w , see Subsection 5.1, in terms of the triple 
x, y, V corresponding to w and certain numbers that we call PremeVs scale factors 1 that are 
given by 

m _ d w {X) 

P T w{A) - - 7TT- 

Pw{X) 

Here A is a dominant weight compatible with w, p w (X) is the Goldie rank of J(wX), and 
d w (X) is the dimension of the irreducible W-module lying over J(wX). Of course, pr m (A) 
depends only on c w and A (below we will see that it is actually independent of A). 

Pick a regular dominant weight g. Recall that we represent w G c as a triple (x,y,V), 
see Subsection 2.4. Below we write K for the trivial A^^-module. Let Y denote the subset 
of Y A consisting of all irreducibles with central character g. Below for x G Y lying over a 
primitive ideal J = J(wg) we write d x := d w (g),g x := p w (g),Wx := P r u>(f?)- 



Proposition 5.1. We have 



Wy \A x ,y\ 

Proof. Set 

M W (X) := L(A(g),L(wX)),m w (X) := mult© -M W (A), 
and g^(A) := Grk(L(L(u>A), L(wX))). Below we only consider A compatible with w. 

Lemma 5.2. The ratio depends only on the right cell containing w (equivalently, on 

C w -i). 

Proof of Lemma 5.2. We have m„,(A) = e(.M«,(A))/e(lK[0]), where e is the Gelfand-Kirillov 
multiplicity, for the definition of e(«) see, say, [Ja, Kapitel 8]. Now the result follows from 
[Ja, 12.5]. . ^ 



1 The attribution to Premet is made because of his beautiful result saying that this scale factor is always 
integral. The first version of our proof below used that result. In fact - as was communicated to the author 
by Premet - one does not need that in the proof, it is enough to use the fact that the scale factor is bigger 
or equal than 1, which was established by the author. It is pleasant when somebody else understands your 
work better than you do... 
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Below we write m w ,g w for m w (g),g w (g). 
By the definition of z, we have 

/r o\ _ ox,y,V 
{0.6) Z X) yy - — . 

ox 

(5.1) together with the observation that a Duflo involution corresponds to a triple of the 
form (x,x, K), see Subsection 2.4, imply g x = g( XjXjK ). By Proposition 5.2, the ratio ™ x > v ' v 

depends only on the left cell corresponding to y. In particular, 

^ 4 ) m x,y,V = m y,y,K 

Sx,y,V Sy,y,K 

Plugging (2.1), (5. 3) into (5.4) we get 

d x d y | A\ dim V d 2 y \A\ 

z x,y,Vg x \Ax,y\ gy \Ay\ 

d x d y \A\ dimVg y \A y \ Wx \A y \ 

z x,y,v — — r 2 1 a\ — — i — = — ~n — \ c*- 1111 v • 

S x \A x ,y\ Wy \ A x,y\ 

□ 



5.3. Proof of Theorem 1.3 modulo Conjecture 1.1. 

Proposition 5.3. Let w,X be compatible. Then pr^(A) depends only on the left cell con- 
taining w. 

Proof. First of all, recall that Grk(W/ J(w\)) = p w (X) for some polynomial p. Also the multi- 
plicity multo(W / J(wX)) equals to some polynomial P W (X) and this polynomial is proportional 
to p w (X) 2 , see [Ja]. But, on the other hand, according to (2.1), we have multo(W/ J(wX)) = 
\A/H Cw \d w (X) 2 . So d w (X) = p w (X) for some polynomial p w (X) proportional to p w (X). This 
implies the claim. □ 

For a cell c := c w we will write pr c := pr w (A). 

Proof of Theorem 1.3 modulo Conjecture 1.1. Consider the case when the orbit O is not one 
of the three exceptional orbits. 

Suppose that x,y E Y are such that A x D A y and let dimV = 1. Then z w = —. In 

particular, since z w ^ 1, we have pr^ ^ pr y . According to [Lol], Proposition 3.4.6, pr y ^ 1. 
So if pr^, = 1 and A x = A, then pr y = 1 for all y EY. 

Thanks to Conjecture 1.1, there is a (possibly singular) A E A + and w E c as in Theorem 
1.3 such that d w (X) = 1 (and hence pr w (A) = 1) and the A-orbit corresponding to J(wX) is 
a single point. Then the A-orbit corresponding to J(wg) is also a single point. Let c be the 
left cell containing w. Then, thanks to Proposition 5.3, pr c = pr w (A) = 1. Now it remains 
to use the result of the previous paragraph. 

If O is one of the three exceptional orbits, then A x = {1} for all x E Y . One carries the 
argument above to this case without any noticeable modifications. □ 



5.4. Proof of Theorem 1.2. 
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5.4.1. Reduction to weakly rigid orbits. We start the proof of Theorem 1.2 by introducing a 
certain induction procedure related to the Lusztig-Spaltenstein induction. 

Let us introduce a certain class of special nilpotent orbits: weakly rigid ones 2 . Then we 
will show that it is enough to prove Conjecture 1.1 for weakly rigid orbits only. 

Recall that O is called rigid if it cannot be induced from a nilpotent orbit in a proper Levi 
subalgebra. 

Definition 5.4. We say that a special orbit O is weakly rigid if there is no parabolic subal- 
gebra peg, Levi subalgebra gep and a nilpotent orbit Oc j such that: 

(1) O is special in $j. 

(2) Pick e G O n (O + n). Then the projection of Z P (e) to the Lusztig quotient A for O 
is surjective. 

We are going to use the parabolic induction recalled in Subsection 2.5 In particular, let N_ 
be a 1-dimensional VV-module with integral central character. It follows from [Lo4] , Corollary 
6.3.3, that <i(N) also has integral central character. Now assume in addition that N_ is A(e)- 
stable, where e e O is the projection of e along n and A(e) stands for the component group 
of the centralizer of e in G. Then both N_, s(N_) are Q-stable. So we see that if condition (2) 
holds, then s(N_) is A(e)-stable. 

Summarizing, we see that it is enough to prove Conjecture 1.1 only for weakly rigid orbits. 
We will provide a complete proof only in type B. Then we explain modification necessary 
for types C, D. 

5.4.2. Type B . We start by recalling a few standard facts about nilpotent orbits in so 2n +i- 
For details the reader is referred to [CM],[McG2]. 

First of all, nilpotent orbits in so 2ra+ i are parameterized by partitions A of 2n + 1 having 
type B, i.e., such that every even part appears with even multiplicity. In general, for any 
partition A of 2n + 1 there is the largest (with respect to the dominance) partition As of 
type B smaller than or equal to A. The partition A# is called the B-collapse of A. 

A partition A corresponds to a special orbit if and only if the transposed partition A* is 
again of type B. Explicitly, this means that there is an even number of odd parts between 
any two consecutive even parts or smaller than the smallest even part, but there is an odd 
number of odd parts larger than the largest even part. 

Now let us explain what the Lusztig-Spaltenstein induction does on the level of partitions. 
Any Levi subalgebra in so 2n +i has the form gl nk x 0l nfc _ 1 x . . . gl ni x so 2no +i with Yli=o n i = n - 
The induction procedure is associative so it is enough to see what happens when we induce 
from an orbit O = (0, O ) C gl m x so 2 (n-m)+i- Let \x = (/ii, . . . , fif) with / ^ m + 1 be the 
partition of O (we add zero parts if necessary). Then the partition A corresponding to the 
induced orbit O is 

(a) either (/xi + 2, . . . , fj, m + 2, ii m +i, . . . , (J>i) if the latter orbit is of type B, 

(b) or (/ii + 2, . . . , /i m _i + 2, /i m + 1, fi m+1 + 1, /i m+2 , • • • , Hi) otherwise. 

In other words, A is always the -B-collapse of the partition in (a). 

Lemma 5.5. Suppose that the partition of® is obtained as in (a). Then the conditions of 
Definition 5.4 are satisfied. 



'These are basically the same as so called birationally rigid orbits. 
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Proof. The claim that (1) is satisfied is straightforward. 

We will specify the choice of a parabolic P and then choose an element e as in (2) to 
compute Zp(e) and see that actually Zp(e) projects surjectively to A(e). 

We represent 502 n +i as the Lie algebra of matrices that are skew-symmetric with respect 
to the main anti-diagonal (so that the symmetric form used to define 502 n +i is (x, y) = 
Si™]*" 1 x iU , 2n+2-i)- Choose the parabolic subalgebra p with Levi subalgebra Ql m x S02( n -m)+i 
in a standard way, i.e., p contains the subalgebra of upper triangular matrices. 

Let us specify an element e G Oo- Consider the numbers fj,i, . . . , fj, m and split them into q 
pairs of equal numbers and p pairwise different numbers. Then take the remaining numbers 
fj-m+i, ■ ■ ■ , fJ-i and do the same getting q' pairs and p' pairwise different numbers. E.g., for 
m — 6, /i — (5 3 , 4 2 , 3 4 , 2 2 , l 2 ) (as usual the superscripts are the multiplicities) we have q = 2 
(with pairs (5,5), (4,4)), p = 2 (with numbers 5 and 3), q' — 3 (the pairs (3,3), (2,2) and 
(1, 1)) and p' — 1 (corresponding to 3). 

Take the subspace K 2 ( n-m ) +1 C K 2ri+1 , where so 2 ( n -m)+i acts, and represent it as a direct 
sum of subspaces 

V © 0(Ui © U*) © V! © 0(C/; © C/f), 

i=l i=l j=l i=l 

where V±, . . . , V p , V{, . . . , V', are orthogonal subspaces of dimensions equal to single /Vs 
(5, 3, 3 in our example), and Lq, . . . , U q , U[, . . . U' q , are isotropic subspaces of dimensions equal 
to /Vs from pairs (5, 4, 3, 2, 1 in our example), [/*, . . . , U*, U'*,..., U'* are dual isotropic sub- 
spaces. Below we denote by vi(i), . . . ,V2d+i(i) a basis in Vi, where the form is written as 
above, by ui(j), . . . ,Ud(j) a basis in Uj, and by u\{j), . . . ,u* d {j) the dual basis in U*. By 
v nJS) we denote the matrix unit sending v n (i) to v m (i). The notation u^i), u™{i) has a 
similar meaning. 
For e we take 

E eo(k) + E /o(fc) + £ e^(fc) + E /o (*)■ 
fe=i fc=i fc=i fe=i 

The element eo(fc) is given by the matrix £? =1 (uj +1 (A;) - where dim V k = 2d+ 1. 

The element /o(A;) is given by the matrix Ei=i u i +1 (^) ~~ Ef=i M *i +1 (^)> where d = dimf/j. 
The operators e' (k) G so(14'), fb(k) G so(f/{, © are defined similarly. It is clear from the 
construction that e G O. 

Now let us specify e. Set V :— Vi © K 2 , where K 2 is viewed as an orthogonal space with 
isotropic basis v (i), v 2 d+2(i), and C/j := C/j © IK 2 , where IK 2 is viewed as an isotropic space 
with basis wo(«), Ud+i(«)- Then, of course 

K 2 " = 0\4©0(L7 fc0 ^)©0\4'©0(^©^). 

fe=l k=l k=l k=l 

Now we set 

e := e(fc) + £ /(fc) + £ e^(fc) + £ /o (*), 
fc=i fc=i fc=i fc=i 

where the matrices e(k),f(k) are defined as follows. We set e{k) := £? =0 (u; +1 (A;) - 

Further, f(k) = - £So «1 +1 (*0- ^ is clear that e G O. 
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Let P be the maximal parabolic subgroup in 0(2n+ 1) (note that we take a disconnected 
group) stabilizing the m-dimensional subspace spanned by all basis vectors v (k), u (k), u^{k). 
With this choice of P we have e G + n. Now let us produce elements in the Levi subgroup 
GL m x 02( n -m)+i whose images span the component group of Zo 2n+1 (e) (this will imply con- 
dition (2)). This component group is the sum of several copies of Z/2Z, one for each different 
odd part of A. More precisely, let A = (A™ 1 , A 2 2 , ■ ■ ■ A™ 3 ). Then the reductive part of Z „{e) 
is Yli=i Gnu where G ni means O ni if A« is odd, and Sp n . if A« (and then automatically n«) is 
even. We have one involution in the basis of the component group for each G ni = O ni . 

Let us produce elements gi G 0(Vi) fl (GL m x 2 ( n -m)+i) centralizing e(i), and hj G 
0(Uj © Uj) fl (GL m x 2 ( n _ m ) + i) centralizing f(j). For g-i we just take — id^.. If dimC/j is 
even, then we set hj = id^ . Finally, suppose dimUj is odd. Then define hj by hj{uk(j)) '■— 

\/^lu* k (j), hj(u* k (j)) = —\^Tu k (j). It is easy to see that hj defined in this way lies in the 
required subgroup and centralizes f(j). 

From the description of the component group given above we see that the elements gi, hj 
generate the component group. □ 



From Lemma 5.5 we deduce that the partition of a weakly rigid orbit has the form ({2k + 
l)2d 2fc+1 -i ; (2£;) M 2fc 5 (2k-l) 2d2k -\ . . . ,2 2d2 , l 2dl ), where 4+i,4, • • • , di are positive integers. 
It seems that any partition like this indeed corresponds to a weakly rigid orbit, but we will 
not need this. 

Let us produce an explicit /i G A such that multo W/J(/x) = 1. According to (2.1) for a 
corresponding irreducible W-module x we will have A x — A, d x — 1 as needed in Conjecture 
1.1. This will be a so called Arthur-Barbasch-Vogan weight, see, for example, [BV]. Let us 
recall how this weight is constructed in general. 

There is a duality for nilpotent orbits in g and in the Langlands dual Lie algebra g v (B n 
and C n are dual to each other, while all other simple algebras are self-dual). This duality 
(called Barbash-Vogan-Spaltenstein duality) is an order reversing bijection between the sets 
of special orbits. Take a special orbit O C g and let O v C g v be the corresponding dual 
orbit. Let (e v , h v , f v ) be the corresponding s^-triple. Recall that we have fixed Cartan and 
Borel subalgebras f) C b C g. Then we can take f) v := f)* for a Cartan subalgebra in g v 
and also we have a preferred choice of a Borel subalgebra b v C g v . Conjugating h v we may 
assume that h v is dominant in ()*. This determines h y uniquely. The weight of interest is 
li := \h\ 

For the classical Lie algebras the duality between nilpotent orbits can be described on the 
level of partitions. For example, take O C so 2n +i and let A be the corresponding partition. 
For a partition /x of 2n + 1, let /(/i) denote the partition of 2n obtained from /x by decreasing 
the smallest part of /x by 1. Recall that the nilpotent orbits in sp 2n are parameterized 
by partitions of type C, i.e., such that the multiplicity of each odd part is even. For any 
partition /x' of 2n we can define its C-collapse fi' c that is a partition of type C similarly to 
the .B-collapse. Now the duality sends the orbit O with partition A to the orbit O v with 
partition [i(A*)]c, see, for instance, [McGl], Theorem 5.1 and the discussion after it. It is 
easy to see that [/(A')]c consists of even parts and so the orbit O v is even, meaning that all 
eigenvalues of ad(/i v ) are even. In particular, ^h v G A + . 

According to [BV, Proposition 5.10], V{U/J{\h y )) = O. Further, [McGl, Corollary 5.19] 
implies that the multiplicity of U / J(^h v ) on O is I. 
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5.4.3. Type C. The proofs of Conjecture 1.1 in types C and D are very similar. So we will 
only explain the necessary modifications. 

As we have already mentioned, the nilpotent orbits in type C are parameterized by parti- 
tions of type C . A partition A corresponds to a special orbit if and only if A* is again of type 
C. Explicitly this means that there is even number of odd parts between two consecutive 
even parts and also even number of even parts larger than the largest odd part. On the 
level of partitions the Lusztig-Spaltenstein induction is described completely analogously to 
type B. Also one can prove a direct analog of Lemma 5.5 and the proof basically repeats 
the original one. From here we see that the partition of a weakly rigid orbit has the form 
(n dn , (n — l)^™- 1 , . . . l dl ), where d\,...,d n are positive even integers. 

On the level of partitions the duality is described as follows. For a partition A of 2n let 
r(A) be the partition of 2n + 1 obtained from A by increasing the largest part by 1. Now 
a partition A of a special orbit O C sp 2n is sent to [r(A*)]s, where, recall, the subscript B 
means the _B-collapse. It is easy to see that all parts of [r(A*)]s are odd, meaning that the 
corresponding orbit is even. So it remains to take the ideal J(|/i v ) and use the results of 
Barbasch-Vogan and of McGovern, exactly as in type B. 

5.4.4. Type D. Nilpotent orbits in S02 n are parameterized by partitions of 2n of type D: 
each even part occurs even number of times (in fact, this is only true for the 02n-action, 
each partition with all parts even produces exactly two S02 n -orbits, while all other partitions 
correspond to a single S02 n -orbit). A partition A corresponds to a special orbit if and only if 
A* is of type C (not D\), i.e., there is even number of odd parts between any two consecutive 
even parts, larger than the largest even part, and smaller than the smallest even part. 

The Lusztig-Spaltenstein induction is described in the same way as above, and an analog 
of Lemma 5.5 with the same proof holds. From here we deduce that the partition of a weakly 
rigid orbit has the form (n dn , (n — I)**"- 1 , . . . l dl ), where d 1: . . . , d n are positive even integers. 

The duality sends an orbit with partition A to orbit with partition [A*]d, where the sub- 
script D means the -D-collapse, i.e., the largest partition of type D smaller than a given one. 
It is easy to see that for A as specified in the previous paragraph, all parts of [A*]d are odd. 
In particular, the dual orbit is even, the weight |/i v is integral, and we are again done. 

5.4.5. A few remarks towards the exceptional cases. We hope that for the exceptional Lie 
algebras the same strategy as above should work. Namely, one should be able to describe 
all weakly rigid orbits. Then, hopefully, the dual of a weakly rigid orbit will be even (this 
is true for all rigid orbits, as was checked in [BV]) 3 . Then one can hope that U/J(\h y ) will 
have multiplicity 1 on O. 

In [Lo4] we have developed some techniques to classify one-dimensional representations 
of W-algebras under certain conditions on the nilpotent element e. The most important 
condition is that the algebra q = 3 (e, h, /) is semisimple. This condition is satisfied for all 
rigid orbits but not for all weakly rigid ones (it is peculiar that in classical types a weakly 
rigid orbit is rigid precisely when q is semisimple, this can be deduced from the classification 
of rigid orbits provided, for instance, in [CM]). Another condition on e that significantly 
simplifies the classification is that e is principal in some Levi. This holds for all weakly rigid 
(special) orbits in classical algebras. 

The classification result obtained in [Lo4] (for elements e subject to the conditions ex- 
plained in the previous paragraph) takes the following form. It establishes a family X of 

3 As I learned from Jeffrey Adams there is only one weakly rigid orbit, where this is not true: it appears 
in type E 8 
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elements in t)* (given by several conditions, the most implicit being that V(U/J(X)) = O for 
each A G X) such that X is in bijection with 1-dimensional W-modules in such a way that 
the primitive ideal corresponding to the 1-dimensional module attached to A G X is J(A). 
For several rigid special elements the element |/i v is in X, but for some it is not, which, 
however, does not mean that J(|/i v ) does not correspond to a 1-dimensional W- module 
simply because the weight cannot be recovered from an ideal uniquely. 

Finally, let us remark that even if q is not semisimple, it is still possible sometimes possible 
to get some ramification of the classification result that will classify A(e)-stable 1-dimensional 
modules, see [Lo4], Corollary 5.2.2. 

6. Supplements 
6.1. Functor m^ e for Harish-Chandra modules. 

6.1.1. Setting. Our setting in this subsection is very different from the one in the main body 
of the paper. We fix an involutive antiautomorphism r of G (so that x i— > r(x)~ l is an 
involutive automorphism). We set K := {g G G\r(g) = g^ 1 } , this is a reductive subgroup 
of G. Further set p := g T so that we have g = t © p. 

We pick e G p. Then we can choose h, f forming an s^-triple with e in such a way that 
h G t and / G p. It is known (and easy to check) that the intersection of Ge with p is a 
union of finitely many fT-orbits, each being a lagrangian subvariety in Ge. As before, we 
take V = [g, /]. Then U :— t fl V coincides with [p, /] and is a lagrangian subspace in V. 
Further, x — (e, •) clearly vanishes on t. So the pair (K, V) does satisfy the assumptions of 
4.1.1. 

So we can get a functor m^ e : O k — > W-mod^. In fact, the functor is easier to construct 
then in the general case and we also can get some restriction on its image, it consists of 
"HC-modules for (W, r)". We are going to define those in the next part in a more general 
context. 

6.1.2. Harish-Chandra modules for almost commutative algebras. Let A be a unital associa- 
tive algebra equipped with an exhaustive algebra filtration IK = A<^o C A^i C . . .. Assume 
that [A^i, A^j] C A^i + j-d for some positive integer d. Finally, assume that gr^4 is a finitely 
generated algebra. 

Suppose that A is equipped with an involutive antiautomorphism r that preserves the 
filtration. By definition, a HC (A, r)-module is an ^4-module M. that can be equipped with 
an increasing exhaustive filtration M.<^ C A^^i C . . . that is compatible with the filtration 
on A (in the sense that A^iM^j C M^i + j) satisfying the following two additional conditions: 

(i) gr M. is a finitely generated gr A- module. 

(ii) If a G A^i satisfies r(a) = —a, then aAi^j C J^ii+j-d- 

Let us consider two examples supporting this definition. 

First, let A = U and choose r as in 6.1.1. In this example, we take the PBW filtration 
and so d — 1. We claim that a HC (A, r)-module is the same as a HC (g, 6)-module, i.e., 
a finitely generated module with locally finite action of t. Let U T , resp. U~ T , denote the 
subspace of the elements u EU such that t(u) = u, resp. t(u) = —u. Then it is easy to see 
that U<1 C It follows that a HC (g, £)-module satisfies (ii). Now (i) becomes 

a well-known claim that one has a good J-stable filtration on any HC (g, {)-module. The 
claim that a HC (A, r)-module is HC as a (g, ^-module is easy. 
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Let us proceed to the second special case. Let B be a filtered algebra with an almost- 
commutativity condition analogous to the condition on A above. Set A := B <8> B opp and let 
r be defined by r{b\ ® b 2 ) := b 2 <S> &i- Of course, an ^4-module is just a £>-bimodule. We 
claim that a HC (A, r)-module is the same thing as a HC £>-bimodule in the sense of [Lo2] , 
i.e., a filtered bimodule M with [B^i, M^j] C Mi+j-d such that gr M is a finitely generated 
gr B- module. 

First, since 6cg>l — lcg>fr lies in *4r r , we see that a HC (^4, r)-module M. is a HC i3-bimodule 
(condition (ii) just says that gr Ai is finitely generated as a gr i3-bimodule but thanks to (i) 
the left and right actions of grB on gr.M coincide). On the other hand, the space A~ T is 
the linear span of the elements of the form b-i ® b 2 — b 2 <S> 61. Using this it is easy to see that 
a HC £>-bimodule is a HC (A, r)-module. 

6.1.3. Functor m^ e . As we have mentioned the construction of m^ e is easier than in the 
general case: we do not need to fix 1 : V — > I x as in 4.1.2: any R x K x x Z/2Z and also 
r-equivariant 1 works. The functor m^ e is constructed by complete analogy with [Lo2], a 
crucial thing to notice is that (A£°)- r A^ x C h 2 M^ x because {u£ x y r M^ x C h 2 M^ x . It 
follows that [p,f]Mfr X C h 2 M Ax . 

Also this description shows that, for a HC (g, A^-module Ai, the image of Ai under m^ e 
is an i?-equivariant HC (W, r)-module. 

6.2. Another functor «| for O p . 

6.2.1. 9^ e for a general parabolic category O. Now we again change our setting. Let P be an 
arbitrary parabolic in G. Let e be a Richardson element of p ± meaning that Pe is dense in 
p ± . Then we can choose h, f forming an s[ 2 -triple in such a way that h G p, see [Lo4, Lemma 
6.1.3]. Let V = [g, /]. Since l g {e) C p, see [LS, Theorem 1.3], it is easy to see that V D p is 
a lagrangian subspace in V . So we can construct produce a functor from the parabolic 
category O p to the category W-mod^, where recall R is a maximal reductive subgroup of 
Z P (e). The image of this functor consists of finite dimensional modules. We also would like 
to point out that Q° C P and so we may assume that Q° C R. 

We remark that this functor is a generalization of V in the case when g = g . 

6.2.2. Properties of 9^ e . Our goal here is to see that all results mentioned in Theorem 4.6 
with exception of (iv) - although see a remark below - still hold for m^ e . 

(ii) is a general property of m^ e established in 4.1.4. (iii) does not have much content. As 
for (iv), dim Ap(/i)| >e = dimLo(/x), where Lo(fi) denotes the finite dimensional irreducible 
module for the Levi subalgebra I of p with highest weight /i — p. This is again a general 
property of m^ e . We remark however that there should be an alternative description of 
Ap(/^)t,e- Namely, recall a dimension preserving exact functor ^ : £/(l)-mod/. d — > W-mod^ d . 
One should be able to prove (tracking the definition of <;) that Ap(/i)| i6 = ^(L (/i)). 

Let us proceed to (i). Since Pe is a dense orbit in p 1 - the functor «| ie kills precisely the 
modules with non-maximal GK dimension. The proofs that is a quotient onto its image 
and that the image is closed under taking subquotients closely follow that for V (in the case 
g = g ): we again use the Bernstein-Gelfand equivalence together with the general properties 
of •. We use the notation of the corresponding part of the proof of Proposition 4.2. 

The only difference with that proof is that dim Y\) j J\ may be different from 1. More 
precisely, for the same reason as in that proof, dim W / equals the multiplicity of U / J on 
O that coincides with the generic degree of the map T*(G/P) — > O. The latter equals \Q/R\. 
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But R is definitely contained in the stabilizer of the (still 1-dimensional) module A P (p)^ e in 
Q. Since coincides with the intersection of the Q-translates of X := Amiyy Ap(v + p)^ e , we 
see that the stabilizer is exactly R. It follows that the functor 1^1 %Ap(i/ + p)^ e is an 
equivalence from the category of Q-equivariant finite dimensional W-bimodules annihilated 
by X from the right to the category of finite dimensional i?-equivariant W-modules. This 
observation finishes the proof of (i) in this case. So our functor is equivalent to the one 
studied by Stroppel, [Stl],[St2]. 

An analog of (vi) is a consequence of the argument in the previous paragraph and the 
classification results from [LO]. 

Let us proceed to (vii). Proposition 4.3 still holds in the present situation, there we only 
used the definition of V as m^ e . In its turn, that proposition is the only nontrivial ingredient 
in the proof of (vii) in 4.3.3. 

The proof of (viii) carries over to the present situation verbatim. 

Finally, let us make a remark regarding (v). To make sense of (v) one needs an involutive 
antiautomorphism r of g with t(P) being an opposite parabolic of P, r(e) = e, r(/) = /. 
It seems very likely that such r exists but we did not care to prove this. Then one needs to 
retell the proof in 4.2.3 using only the definition of V as «^ e . 

6.2.3. The orbit codimension condition in type A. We would like to analyze the condition 
codim p ± p 1 - \ Pe > 1 in the case when g = sl n . In this case a version of •f je was previously 
considered by Brundan and Kleshchev in [BK1],[BK2]. A special feature of type A is that 
any nilpotent element admits a so called good even grading. Then one can replace g(i) 
with the ith graded component with respect to this grading. All constructions of Sections 
3,4 work for that modification. Brundan and Kleshchev studied the Whittaker coinvariant 
functor, which is just V 2 in this special case. So our approach recovers many results from 
[BK1],[BK2]. 

Parabolic subalgebras in sl„ are parameterized by compositions of n, i.e., ordered collec- 
tions of positive integers summing to n. So let p correspond to a composition (si, . . . , Si). 
Brundan and Kleshchev checked that the Whittaker coinvariants functor is O-faithful pro- 
vided si > s 2 > . . . > S£. The following proposition together with the previous subsection 
generalizes that. 

Proposition 6.1. Let e be a Richardson element for P. The condition codim p ± p ± \Pe > 1 
is equivalent to all s 's being distinct. 

Proof. Suppose that all Sj's are distinct. We are going to prove that for any nilpotent orbit 
©' C O (this condition is necessary for O' to intersect p -1 ), we have dimO' < dimO — 2. 
Since dimO' fl p x ^ dimO' fl b x = |dimO, see, for instance, [McG2] for the last equality, 
the inequality dimO' < dimO — 2 implies dimO'flp^ < dimp^ — 1. The number of nilpotent 
orbits is finite and so the previous inequality implies the required codimension condition. 

Let A be the Young diagram with rows of lengths si,...,sg ordered in the decreasing 
order. Then O is the orbit corresponding to the transposed diagram A*. We have dimO = 
n 2 — New let p be a Young diagram such that p 1 corresponds to O'. The condition 

©' C O is equivalent to A ^ p in the dominance ordering, i.e., J2i=i ^ Yl%=i f° r a ^ k- 
In other words, there is a sequence A := A, A 1 , ... , A m := p such that A* is obtained from 
A t_1 by moving a box from a shorter row to a longer row. It is therefore enough to consider 
the case when p = A 1 . We need to show that pf ^ J2 i Af + 4. There are indexes p < q 
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such that Hi = Aj if % ^ p, q, fi p = X p + 1, fi q = X q — 1. We have 

i 

Since \ p > \ q by our assumption, we see that 2(A P — \ q ) + 2^4, and we are done. 

Now let us consider the situation when there are two equal elements: s p = s q with p < q. 
We will write matrices in a block form: A = (Ajj)f - =1 with the (i, j)-block of size Sj x Sj 
so that p 1 - consists of all matrices A with Aij — if i ^ j. The matrix YifZp ^u+i has size 
s p x s g , in particular this is a square matrix. So we can consider the polynomial f{A) = 
d e t(ffi=p Ai+i)- Clearly, this polynomial is nonzero and it is semiinvariant with respect to 
the P-action on p- 1 . Its subvariety of zeroes is therefore a P-stable divisor that has to lie in 
the complement of Pe. So the codimension under consideration is 1. □ 

The O-faithfulness of the Brundan-Kleshchev functor was a crucial ingredient in the proof 
of an equivalence between (the sum of certain blocks) of O p and a category O for a suitable 
cyclotomic Rational Cherednik algebra in [GL, Theorem 6.9.1] (under the restriction that 
Si > . . . > sg). Using Proposition 6.1 one should be able to remove that restriction but we 
are not going to elaborate on this. 

6.3. Dixmier algebras. 

6.3.1. Functor m^ e . By a Dixmier algebra one means a G-algebra A equipped with a G- 
equivariant homomorphism U — )■ A that makes A into a Harish-Chandra bimodule such 
that the differential of the G-action on A coincides with the adjoint 0-action. The algebra U 
itself as well as any quotient of U serve as examples of Dixmier algebras. Two more examples 
come from Lie superalgebras and from quantum groups at roots of 1, they are considered 
below. It is basically those two families of examples that motivate us to consider arbitrary 
Dixmier algebras. 

Let K be as in 4.1.1. Let 0^(A) denote the category of A- modules that lie in Off as 
W-modules. 

Fix a good algebra filtration F. A on A, where, recall, good means that all Fj A are G- 
stable and gr^4. is a finitely generated S(q) = grW-module. The existence of a good algebra 
filtration is checked, for example, in [Lo2, Proof of Proposition 3.4.5]. In addition, we can 
assume that F A = F± A = K and that F 2 A contains the image of g. This insures that we 
have a graded algebra homomorphism S(q) — > A. Consider the corresponding Rees algebra 
An '■= (&ilo(FiA)h l . This is a graded algebra, where h has degree 1. The corresponding 
W-bimodule A] has a natural algebra structure, see [Lo2, Subsection 3.4]. 

Pick M. G O^(A). The i?-equivariant W- module M\, e has a natural ^-module structure. 
So we get an exact functor : Off (A) — > A|--mod^. We have the forgetful functors 
Fun w : Off (A) ->■ Off, ^4Fun w : Af-mod^ ->■ W-mod^ and they intertwine the functors 
• t) e, i.e., Pun w (» t>e ) = Pun M (») t>e . 

Let us make an observation that will be used later. There is a functor • t,e : A^-mod R — > 
Off (A), where Off (A) is a category of not necessarily finitely generated .4- modules that are 
inductive limits of objects in Off (A). This functor satisfies Hom v 4(A / t, A/"^ ,e ) = Hom^4 ti ^(A / ff ie , A/"). 
The functor is constructed completely analogously to in 4.1.4 and, in particular, does 
not depend on A in the sense that the functors for A and for U are again intertwined 
by the forgetful functors. 
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6.3.2. Enveloping algebras of Lie superalgebras. Here is an interesting example of a Dixmier 
algebra A. Let g be a simple classical Lie superalgebra or a queer Lie superalgebra. In par- 
ticular, the even part, denote it by g, is a reductive Lie algebra. So the universal enveloping 
(super) algebra A := U(g) is a Dixmier algebra over U = U(g). We also remark that A is a 
free left (or right) module over U. 

The algebra A] may be thought as a W-algebra for the Lie superalgebra g. It should not 
be difficult to check that A\ is isomorphic to the Clifford algebra over the super W-algebras 
studied previously, see, for example, [Z],[BBG]. But we are not going to prove this here. 

6.3.3. Quantum groups at roots of 1. Here we will show that the algebra that is basically 
the Lusztig form of a quantum group at a root of unity is a Dixmier algebra. More precisely 
we will show that the quantum Frobenius epimorphism splits. 

Let us recall some generalities on quantum groups. We follow [Lu4] . 

We fix a Cartan matrix A = (a ii3 -)" - =1 of finite type. Let g be the corresponding finite 
dimensional semisimple Lie algebra. Let D = diag(di, . . . ,d n ) be the matrix with coprime 
entries di G {1,2,3} such that DA is symmetric. Let v be an indeterminate. We write [n]^ 
for the quantum integer " ' d "~^_^ n and [n]^! for the corresponding quantum factorial. We 
then consider the quantum group U v (g) that is a K(v )-algebra generated by E^F^Kf 1 in 
a standard way, see, e.g., [Lu4, Section I]. Inside we consider the K[v ±1 ]-subalgebra U v (g) 

I AT\ ffiN ( -1-1 

generated by the divided powers E\ ' := j^ji and F> ' := jj^i and also Kf . It contains 
elements 




see [Lu4, Section 6]. Inside U v (g) we consider subalgebras U+, (resp., U v and t/°) generated 
by the elements e\ n ^ (resp., F^ N \ and Kf 1 , { Ki t ' c ))- We have the triangular decomposition 

Pick an integer I that is odd and, in the case when g has a component of type G2, coprime 
to 3. Let e be an £th primitive root of 1. Let U e (g), Uf etc. denote the specializations of the 
corresponding algebras at v — e. The elements Kf are central in U e (g) and, moreover, one 
can show that Kf- = I in Let A denote the quotient of U e (g) by Kf for % — 1, . . . , n. We 
still have the triangular decomposition A = A~ <E> A <E> A + , and A~ = U + {g),A + = U~(g). 
In fact, it is easy to see that A + is generated just by the elements E^Ef^ and a similar 
claim holds for A~ . 

Also we have an epimorphism Fr* : A — > U called the quantum Frobenius epimorphism, 
see [Lu4, Section 8]. By construction, it maps e\ N \f^ to e\ N ^\ fj N ^^ if iV is divisible by 
I and to else, and it sends K to 1. Further, it maps ( Kt e '°) to hi. 

Our goal is to prove the following proposition. 

Proposition 6.2. There is a monomorphism 1 : U — >■ A that is a section of Fr, meaning 
that Frot = id. Moreover, A becomes a Dixmier algebra with respect to this homomorphism. 
Finally, A is free over l{U). 

The proof of this proposition occupies the remainder of this subsection. First of all, let u 
denote the small quantum group, the subalgebra of A generated by Ki, Ei, Fi,i = 1, . . . , n. 
For u G u set 5i(u) := E^u — uEf\8[(u) := F-^u — uF^\ It turns out, see [Lu4, Section 
8], that Si(u), S'^u) G u and so S i: 5[ are derivations of u. 
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Also Lusztig in loc.cit. proved that the map (->■ E^f 1 extends to an algebra homomor- 
phism U + —f A + and a similar claim is true for U~ and A~. 

Consider the Lie subalgebra n in A consisting of all elements x G A with [x, u] C u. Of 



i i r i 

The following lemma is crucial in the proof of Proposition 6.2. 



course, u is an ideal in n, and E\ , En. 



Lemma 6.3. The assignment e, i-> Ef\ fa >->■ F^\hi >-)■ extends to a Lie algebra 

homomorphism g — > n/u. 

Proof. The Serre relations hold even in n thanks to results of Lusztig quoted above. The 
relations of the form [£^,F^] = for i 7^ j again hold in n. The same is true for 
the commutation relation between the elements ( Ki e '°)- The relation [Ef\F^\ = ( Ki e '°) 
holds in n/u thanks to [Lu4, Section 8, (a2)]. So it remains to check that [( Ki e '°) , E^] = 
QijEf, [( K f),F^} = -dijFf in n/u. We will prove the relations for in the case of Ef\ 

the case of F^ is analogous. 
(a5) in loc.cit. says that 

So we need to prove that ( K }' c ) = ( K ''e +e ) + 1 in A for all c. According to [Lu4, Section 6, 
(b4)] we have 

Ki;c + £\ (Ki\c\ ^ ___ d .( c+t+1 \ „_! (Ki\ c + t 



)-{ K T)^; rM ' +M,K 'i K t\ 

in C/°. Since K- — 1 in A, we need to check that 



£-1 ^-l 

t=0 5=1 



for any rr = 0,l,...,£ — 1. In the proof we may change x and e and assume that di = 1 and 
c = 0. Then the product 



e-i 



s=l 



is nonzero only if x + £ + 1 is divisible by t. The corresponding summand is 1. This checks 
the remaining relations. □ 

Since g is semisimple, any homomorphism g — > n/u lifts to a Lie algebra homomorphism 
g — > n and so to an algebra homomorphism 1 : U — > A. We have Frcu(;r) — x G K for 
x = ej, /j, /ij, which implies that the difference is actually 0. Also, since t(ei) — Ef \ — 
i 7 ^, i{hi) — G u and Ef \ F^\ ( K f°) normalize u, we see that A is generated by u as a 

left (or right) W-module, while the adjoint g-action on A is locally finite. So A is a Dixmier 
algebra. The same argument shows that A is free over l{U). 
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6.3.4. Category O p (A) and functor Y . Here we consider a Dixmier algebra A that is free over 
U. In both examples we have considered above the algebra A has this property. Further, we 
take P, e, h, f as in the main body of the paper (but we also can take them as in Subsection 
6.2). Then we have the functor m^ e : O p (A) — > O (A,e) p , where the target category is the 
category of all i?-equivariant ^4j-modules that lie in O d (g,e) p . 

Recall that the forgetful functors T u ■ O p {A) -> O p and JVv : O (A,e) p ->■ O (g,e) p 
intertwine both and its right adjoint functor w^ 6 , i.e. 

•M« t ,e) = M'he,M' te ) = ^(•) t ' e - 

In particular, we have 

(6-1) Tu (Ke)^) = (^(•)t,e) t ' e . 

It follows that is still a quotient functor onto its image annihilating precisely the modules 
with non-maximal GK dimension. Also the image is closed under taking subquotients. 

Now let us prove that •■|- je has the double centralizer property. The right adjoint functor 
to Tu-, that is Hom^(^4, •), is exact because, by our assumption, A is a free W-module. So 
if P is a projective ^4-module, then Tu(P) is a projective W-module. Thanks to (6.1), the 
morphism P — > (P^ e )^ e does not depend on whether we consider P as a ^.-module or as a 
W-module. This yields the double centralizer property. 

6.3.5. Classification of finite dimensional irreducibles for A-\. Let M. be an irreducible A- 
module. Then Tu(Mt) has finite length. Since A is a HC W-bimodule, we see that all 
generalized central characters appearing in Tu{M) have integral difference. In particular, 
the categories O p (A,e) contain all finite dimensional irreducible ^-modules. 

Proposition 6.4. Every finite dimensional irreducible Aj -module M with integral central 
character occurs as a direct summand in Ml^ e f or some irreducible M. G O p (A) with 
V{U/ Ann u {M)) = O. 

Proof. Let M l C M be an irreducible W-submodule. It occurs as a direct summand in 
for some irreducible M 1 £ O p with the associated variety condition as above. Set 

M := A®u M, this is an object of O p (A). Then M\, e = A-\ ®w M^ e - In particular, 
A] ®w A/" 1 is a direct summand in M^ e . But A^ ®w Mi -» M. So M is a subquotient of 
Mi\,e- Since m^ e is a quotient functor, we see that M is a direct summand of a composition 
factor of M], e - □ 

Now suppose that we know the classification of the irreducibles in O p (A) with maximal 
GK dimension. If the group R is connected, then the classification of finite dimensional 
irreducible W-modules follows from Proposition 6.4. Otherwise it becomes a non-trivial 
problem (basically solved in [LO] for A — U). Let us also make a comment on the integral 
central character restriction. It is only needed to make sure that M 1 appears as a summand 
in some M.\ e . 

Consider the quantum group case in more detail. Here we know the classification of 
modules with maximal GK dimension in O p (A). In that case they have the form L®Fr*(M), 
where M. is the module with maximal GK dimension in O p and L is a restricted finite 
dimensional representation of A, see [Lu3] and also [AM]. In the latter paper the category 
O b (A) was studied in detail. 

We can form tensor products of -modules with finite dimensional v4.-modules: L <S> • := 
(L <g) A)j <8u t •. Here, on L <g> A, the algebra A acts on the right in a naive way and on the 
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left via the coproduct A : A — > A (S> A (recall that A was a quotient of the quantum group 
but the ideal we mod out is easily seen to be a Hopf ideal). The epimorphism Fr* : A -» U 
induces an epimorphism A] -» U again denoted by Fr*. 

Lemma 6.5. Let L be a restricted finite dimensional A-module and Af 1 be an irreducible fi- 
nite dimensional W -module with integral central character. Then the A\-module L£g>Fr*(A/' 1 ) 
is semisimple. Moreover, for any irreducible A\-module Af with integral central character 
there L,^/ 1 as above such that Af is a direct summand of L® ¥r*(Af l ). 

Proof. The module Af 1 is a direct summand in -Mj e for some irreducible A4 1 G O p of 
the maximal GK dimension. The module A4 := L ® Fr*(A^ 1 ) is an irreducible object in 
O p (A). So (L <g> Fr*^ 1 ))-^ = L ® Fr*(M] je ) is irreducible as an i?-equivariant „4 t -module. 
In particular, it is completely reducible as an ^-module. But L ® Fr*(A/' 1 ) is a direct 
summand in L <8> Fr*(A^| e ) and so the semi-simplicity claim is proved. Since any simple 
^4-module Af with integral central character appears as a direct summand in the module of 
the form A4^ e the second claim of the proposition follows from the fact mentioned above 
that any simple object in O p (A) has the form L <g> Fr*(A^ 1 ). □ 

We do not know whether L ® Fr* (Af 1 ) is irreducible, in general. 
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